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Chapter 1 


Introduction 


In the late fifties, Misner and Wheeler[l] and Wheeler [2,3] introduced the notion 
of a wormhole while trying to understand the origin of electric charge. They con- 
sidered charge free electromagnetism in a multiply-connected space and wor<! ahh' 
to interpret charge as manifest in the latter’s topology . The multiply-coiiiu'ctc'd 
sjoace they constructed was essentially a sheet with a handle(Pig.l.l)-this was given 
the name of a wormhole. 

Even though the Misner-Wheeler idea was quite novel and genera.ted a fair 
amount of enthusiasm, it lacked an experimental basis and was perha 2 )s a littl(' 
too ambitious in nature. This probably explains the gradual decline of interc'st 
among workers in this area. The wormhole, then remained dormant foi- niiiny 
years and reappeared only in the late eighties with the publication of the ac'minal 
papers of Hawking [4] , Giddings and Strominger [5] and Morris , Thorne and Ynrt- 
scvor (MTY) [C] .Two .se 2 )nra,t(! direction.s (im(u'g(;d one in an Euclidean setting mid 
the other in a Lorentzian one. The first of these (due to Hawking, Giddings mid 
Strominger) essentially dealt with the construction of models descrilnng topology 
changing processes in Euclidean Quantum Gravity. 

The other involved Lorentzian wormholes based on General Relativity( GR ) and 


1 


2 


dealt with issues related to the violation of the Energy Conditions, the occurence, 
of closed timelike curves and the construction of time-machine models. 

We shall exclusively deal with Loreutzian wormholes in this thesis. 


1.1 Motivations 

Since wormholes are, as of now, entirely artefacts of the human imagination it is 
necessary to provide some motivation for studying them. We shall I’estrict oursdvf's 
mainly to reasons for studying Loreutzian wormhole geometries. 

(i) In order to prove the famous singularity [8] and the positive energy thoor('.ms 
[9] one needs to make certain assumptions on the components of the energy momen- 
tum tensor. These asstimptions have come to be known as the Energy Condition.s.It 
so happens that the matter required to support a static , spherically symmetric 
Loreutzian wormhole geometry violates these conditions. On the other hand, it i.s a 
well known fact that the expectation value of taken over certain quantum .state, s 
can violate the Energy Conditions. In fact as early as 1965 Epstein, Gla,s(U’ and 
Yaffe[10] showed that < Too > for certain states can be negative. Also, the Casimir 
Effect provides an experimentally tested violation of the Energy Conditions iix tlui 
quantum regime[ll, 12, 13]. Two questions naturally arise at this point - (1) ‘Arc^ 
there wormholes which exist with matter sati.sfying the Energy Conditions?’ and 
(2)‘Can we construct a realistic model for exotic matter?’In the former cas(^, it i.s 
clear that one has to either go beyond static and spherically symmetric metrics or 
consider alternative theories of gi'avity. On the other hand the latter query .s<'('m,s 
to have an answer only in the quantum regime which leaves us wondering whetlun- 
wormholes occur naturally exclusively at Planckian scales. 

(ii) In 1988 ,MTY [6] developed a time-machine model based on a trav(;r.sal)le 
Loreutzian wormhole. Earlier that year Morris and Thorne[14] had discusstul the 
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possibility of using wormholes for rapid interstellar travel-a wormhole wa« eall('.(l 
traversable if the tidal forces felt by a traveller moving through it were bc’arable. 
The subsequent arrival of the wormhole time-machine led researchers to seriously 
consider the novel physical consequences that arise in spacetimes with closed tiiiu'- 
like lines(CTL). Questions related to the well-definedness of the Cauchy i)iobl('m 
[15,16] the construction of a local quantum field theory in a spacetime with CTLs 
[17,18,19] and the possibilities of contructing time machine models with cosmic 
strings [20],etc. have fascinated theoretical physicists immensely in recent timcs.lt 
may be argued that such investigations are entirely academic. However, tli<* con- 
ceptual and somewhat philosophical questions that arise in these studies ar<', if not 
impossible, difficult to ignore. 

(iii) It is generally believed that in the quantum gravity era the topology of s])ac(' 
was subject to quantum fluctuations [3]. The creation/formation of a woriiihoh' 
actually requires change in topology of a spacelike section in the course of tiiiK; 
evolution. The construction of a viable model for topology change in the Lorc'ntziaii 

I context is however plagued by the several no-go theorems (Geroch [22] and Tiplcr 
[23]) which basically rule out the existence of such processes in the regime of GIl. 
In Euclidean Quantum Gravity there do exist certain models which atteiu])t to 
analyse these processes (see Section 1.3)and with some amount of success. tIow(’V('r 
a satisfactory answer to - ‘How wormholes form?’ is yet to see the light of day. 

(iv) Since wormholes, as of now , are far from being realistic (in the sense, say 
of astrophysical objects) one has to keep an open mind while asking -‘How cim oik’ 
Ijcconie awai'c of the presence of a wormhole?’ A natural wa,y to arrive at sigun.l,ures 
of wormholes is to study the orbits of point particles and the propagation of waves 
in such geometries. Very little has been done along these lines. 

(v) As a final motivation it is important to mention that the simplicity and 
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elegance of wormhole geometries together with the large nuiiiber of dec]) luul ill- 
understood issues related to them makes them a very useful teaching tool loi OR.. 
This has been illustrated beautifully by Morris and Thorne [14] . 


1.2 Outline 

Oiur concern in this thesis will be with the issues mentioned in (i) and (iv) (S('c 
1.1). We shall now briefly outline the problems studied and then proceed towards 
a detailed imderstanding in the subsequent chapters. 

The Morris-Thorne approach to constructing a wormhole is based on first choos- 
ing the metric and then investigating the resulting matter. In Chapter 3 wc' ('.on- 
struct a class of wormholes which obey the tracelessness constraint on mattcr.Tlu' 
metric is not chosen initially, but arises as a solution to the tracelessness constra,int 
under a specific choice of the redshift function A different choice of a certain cousta,nt 
C yields singular geometries which are used to construct Visser tyj^e worinhoh's. In 
the former case, the violation of the WEC can be restricted to a finite n'gion of 
space if one does not demand a significant flare out from the throa,t. In the latt('r 
case matter is traceless and normal everywhere except at the throat. The human 
traversability of the Morris -Thorne wormholes is «.Lso discussed and botuids <m tlte 
possible tloroat radii are obtained. 

As a way of resolving the contradiction between wormhole existence and the 
matter required for it we extend the usxial static, spherically symmetric wormlioles 
to the nonstatic regime. The consequence of this is that, at least for arbitrarily 
large but finite intervals of time the required matter satisfies the Wealc Energy 
Condi tion( WEC). Several examples of such geometries are constructed iind th<' 
conditions necessary for avoiding WEC violation are put down in detail in Chapter 
4. A model universe containing a wormhole and yet resembling the ina.tt<'.r or 



racliatioii-doininated flat FRW spacetime models in its asymptotic regions is also 
constructed.The minimum possible throat size and the nature, of matter in tlu' 
vicinity of the wormhole are discussed briefly. 

Ill order to obtain better insight into specific signatures of wormhok's w<' study 
the massless scalar wave equation in the background of a new one parameter family 
of wormhole .si)acetim<is(Chaptoi 5). Exact .solutions involving Modified Mii.tlii(’u 
(in 2+1 dimensions) and Radial Oblate Spheroidal (in 3 + 1 dimensions) fuuc.tions 
are available only for a specific member of the family (n = 2,7i being the parHiu('l.('r) 
and for special values of the energy of the scalar wave. Reflection and traiiHinis- 
sion coefiicients are obtained both analytically and numerically in the n = 2 <‘as(', 
whereas for n > 2 we have only the numerical results. The plots of |r| versus the 
energy of the scalar wave reveal the presence of certain resona,nces, the d('pth of 
which depends on the value of the parameter n. Tliese can tlnuefore be consi (U’rc'd 
as possible signatures of wormholes belonging to this family, which ,in priucipk', 
can help in their identification. The above-mentioned analysis is done for both the 
2+1 and 3+1 dimensional versions of the one parameter family of metrics. 

It is natural to ask-what happens to the WEC violation of matter for wormhok’s 
in jD > 4 GR or in other higher order theories. In Chapter C we ha.ve si)ecific.ally 
studied Lorentzian wormholes in the Einstein-Gatiss-Bonnet (EGB)theory. Sines', 
in D > 4, the Einstein-Hilbert action is not unique and higher order terms con- 
tribute. The first of such terms is the Gauss-Bonnet combination. This actiou(i.e 
Einstein-Hilbert term + Gauss-Bonnet combination) also a,ppears as the ('flec.tivt' 
low energy action emerging out of String Theory. Apart from constructing solutions 
with specific features dependent on the dimensionality and the coupling coelHcieiit 
of the Gauss-Bonnet combination, the status of the WEC is also explored in detail. 
A brief discussion on evolving wormhole geometries in D > 4 GR and EGB th('ori('H 
is also presented. 
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1.3 Brief Survey of Relevant Literature 

This section briefly summarizes the basic coiitoiit of some of the existing lit(u'atnre 
on wormholes. We begin with the Misner- Wheeler wormhole and then discuss 
Euchdean wormholes using this occasion to briefly outline the basic ideas mul the' 
important contributions in this subfield over the last few years. The final sub 
section, which is a little more extensive, is concerned with the Lorentzian sc<'uario. 

1.3.1 The Wheeler wormhole -‘Charge is topology’ 

In 1925 Rainich [ 24 ] derived a remarkable result in Einstein-Maxwell theory .H(' 
showed that if certain conditions (known today as the Rainich conditions ) are sa t- 
isfied , the electromagnetic field strength tensor can be written in terms of the 
the curvature of space. Rainich’s results however remained largely uunotirc'd a.nd 
in a later book [ 25 ] even he made no mention of them. However in the latt' fifti(‘H 
Misner and Wheeler realized the importance of Rainich’s contribution. They wer(' 
then involved in a serious attempt towards interpreting the basic elements of (dassi- 
cal physics as manifestions of the curvature and toi^ology of space. Contrary to l;he 
conventional belief that the spacetime continuum is an ‘arena for the- struggl(?K of 
fields and particles’ Wheeler declared - ‘There is nothing in the world except curved 
and empty space. Matter, charge and electromagnetism and other fields ar(' nniu- 
isfestations of the bending of space. Physics is Geometry’. Models were providc'd 
which demonstrated the following .(a) Unquantized charge is in fa, ct descri1ni.1)l<rin 
terras of the source-free Maxwell field in a multiply connected space .(b) Unqvuui- 
tized mass is associated with a concentration of electromagnetic field energy held 
together by its own gravitional attraction. The wormhole geometry provided lui 
example of the fact mentioned in (a). 

Fig.1.1 shows a two dimensional section of the Wheeler wormhole as enil><'dd('<l 



Figure 1.1: The Wliccl<ir Wormhok’ 


in three dimensional Euclidean space. Consider the situation when the (’lectric 
field lines are trapped in the multiply connected topology of such a wormliolo.LincH 
emerge from one mouth and enter the other .The remarkable fact is that to a juu-Hon 
oblivious of the existence of such a handle, the mouths look like sources of poHii.ivc 
or negative charge , inspite of the fact that there is no charge anywhere. This k'd 
Wheeler to conclude that unquantized charge is actually manifest in the niull.ii)ly 
connected topology of space. Wheeler’s seemingly paradoxical phrase - ’’charge’ 
without charge ”is in tune with the basic theme of Einstein’s GR where the concept 
of ’’mass without mas.s” imi)lies that mass is manifest in the curvature of .space'. 

A large body of literature exists on both classical and quantum geometrody- 
namics(the Wheelerian term for this programme of the geometrization of physics). 
We shall, however, dwell no fuither on this. 
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1.3.2 Euclidean Wormholes and Topology Changing Pro- 
cesses 

Euclidean signature wormholes are very different from their Lorentzian couutc'i-- 
parts. The first important difference is that an Euclidean wormhole is ‘intniisicaJIy’ 
wormhole-like whereas the Lorentzian one is ‘extrinsically’ so. The words ‘intrinsic’ 
and ‘extrinsic’ carry the same meaning as in differential geometry. A generic (nrm 
of the metric tensor for an Euclidean ivormhole geometry i.s 

ds^ = dr^ + ( 11 ) 

with a(r) having the following properties: 


(u) 


a(r ) ~ ao(throat radius) 


(1.3) 


In 1988 Giddiiigs and Slrominger (51 provided U.e first example of an Eurlidean 
wmhole geometry as weU as one for a topology changing process in quantum grav- 
ity. They employed Einstein gravity coupled to a rank three antisymmetric t.-usor 
field as the underlying theory. It was found that the basic reqmrement for an Eu- 
clidean wormlmle to exist in a given theory is the existcuce of negative eigeuviUnes 
of the Ricci tensor.In the theory used by Giddiugs and Stromiuger [6] this was found 
to bold. They also studied a topology changing process from JJ’ to ft»,l, .S" and 
evaluated the amplitude of tunnelllug from one topology to another. It In,.,, pane, 1 
that this ampUtude was sigrUficanl at Plarcd: scales wind, made the paper u.ore 
importarrt in the context of Quantum Gravity. Subsequoutly, a lot of work Iras 
been done on Euclidean wormholes. These include scahn field Euclidomr wormholes 
[26], magnetic EucHdean wormholes in 2 -I- 1 and 3 -|- 1 dimensions (27), higlr,.r di- 
mensional analogs of the Giddings-Strorninger- geometry [28], Yarrg-Milk E,u ll,l,,.„ 
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wormholes [29] to mention only a few of them. More interestingly, Coleman [7] has 
made an attempt at solving the age old cosmological constant problem using Eu- 
clidean wormholes. Shortly after Coleman’s theory Preskill [30] investigal.c'd the 
consequence of similar wormhole induced effects on other constants of natun' (such 
as ‘G’). Much of the initial interest in the Coleman theory of the cosmological con- 
stant has disappeared in thewake of its failure to solve what is known as the ‘large 
wormhole problem’ which plagues its validity. Moreover, since Euclidean Quantum 
Gravity is itself known to have several problems in its formulation (c.g unboiiud- 
edness of the Euclidean Einstein action, the question of iDroviding a meaning to tin' 
concept of Euclidean time in the context of quantum gravity etc.) using it ns a 
theory to study the effects of quantization is probably premature. 


1.3.3 Traversable Lorentzian Wormholes 

An early example of a Lorentzian wormhole gcometiy(iu the sense in which it is u.s<''<l 
today) was provided by Ellis in 1973 [31]. He termed his geometry as a ‘drniuhoh'’ 
.This spacetime is essentially the siuuo as the one studied by Morris and TIiocik' in 
Box 2 of Ref [14]. Ellis obtained this geometry as an exact solution of the Einstein 
field equations with matter in the form of a scalar field with negative euci’gy density. 
Even though the Energy Conditioirs of GR had already been formulated h<' does 
not mention them in his paper. However he does a very detailed study of g('odcsics 
in such geometries . Later Clement [32] investigated the scattering of phuK; hchIiu' 
and electromagnetic waves in the Ellis geometry. We shall have more to say on 
the propagation of scalar waves in Ellis geometries and their generalisations in the 
penultimate chapter of this thesis. 

We shall now briefly describe the present state of the art in tjorentzian woi iuhole 
geometries . 
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After the renaissance in this field in 1988, a major problem emc^rged eoncct iiiiig 
the nature of matter required to have such geometries. This is related to tlu' lact 
that the energy conditions of GR postulated by Hawking and Penrose in tlu' early 
seventies in order to prove the singularity theorems of GR are essentially vio]al.('d Ijy 
the matter threading a traversable wormhole. The question of confining thin c'xotic 
matter to a very small region near the throat of the wormhole was nddreHH('d by 
Morris and Thorne [14] and later by Visser [33,34]. The Visscr construction involved 
the suturing of two scmiwormholes a, cross a thin shell of exotic, matter rising l.lii' 
Jimction Condition Formalism of GR. He used copies of the Schwarjischild geoiiK'tiy 
to make a wormhole. The advantage of the Visser construction is that in this, one' 
is able to restrict the exotic matter to a very small region in the vie.inity of tlie 
throat. 

A natural line of research since the early days of GR has been to compare 
and contrast the effects and results in GR with those of other alternative metric 
theories of gravity. Infact these alternative theories serve the purpose of pi'oviding a 
framework for testing the validity of GR. Soon after the Morris-Tliorne construction 
of a traversable wormhole arrived in the scene, several people attenqffed to n'solvc’ 
the issue of energy condition violation by looking into alternative models of gravity. 
For Brans-Dicke type theories the violation remained as long as one conHi(l<ir('(l 
physically relevant values for the Brans-Dicke parameter cu. Hochberg [35] d('Vf)t(xl 
some attention to (R T type theories by reducing the relevant Lagrangians 
to the Einstein-Hilbert one coupled to a scalar field. Later, Ghoruku and Soma 
[38] dealt with the same theory in a somewhat different way by using defocussing 
arguments to prove the violation of the energy conditions. At about the sanu' tinier 
Moffat and Svoboda [36] showed that in the uon-symuietric theory of gravity tlu* 
violation of these conditions remain. More recently, based on a suggestion of Mon is 
and Thorne, Hochberg and Kephart [37] vised squeezed states of the electriinuig’uf'tic 
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field to arrive at a model of exotic mater iu the quaiituiii regime .It lias betm known 
for quite some time that squeezed states can entail negative energy densities. Tliu.s 
matter constucted out of such states will necessarily violate the Energy comlitions. 
We will discuss the various directions of researcli on Energy Conditions and tlu’ii 
violation in the next chapter. 

One of the most remarkable pieces of work on wormholes was the one on l.lu' 
construction of a time macliine model by Morris , Thorne and Yurtsever [0] .Ibirther 
insights into wormhole -based and other time machine models was piovicU'd by 
Novikov [39] [40]. .Although the existence of closed timelike curves is not \uicominou 
in GR (earlier examples include the Godel universe ,Taub-NUT si)ace etc.) tlu' MTY 
model was interesting in its own right because of its elegance and simplicity. Infact 
it almost made the time machine seem a realistic possibility. Sonietimci uftc'r t,h(' 
proposal of the MTY model Gott[20] proposed a time machine model using 1,wo 
cosmic strings moving pasteach other at a high velocity. The Gott model hud the 
advantage of not using any exotic matter as the space is locally flat away from tli(' 
strings. However it had its own drawbacks. Dcser,Jackiw and t’Hooft [21] nljow('d 
that Gott space could not develop from regular initial data posed on ii Ciiuichy 
surface. Very recently Ori [41] has proposed a time machine model through whidi 
he has explored the interconnection between causality violation and the WJCG. 

The discovery of these time machine models led researchers to the study of 
physical phenomena in spacetimes with closed timelike curves. The Cmichy Problem 
was addressed for the massless scalar wave equation by Priedmaim et.al [IH] and 
Priedmau and Morri.s [IG]. The cla.ssic.al motion of lulliard l)a,lls in .s])acetimeH with 
closed timelike lines was discussed iii[42] .Quantum field theory was formulat('d in 
the Gott spacetime by Boulware [17] mid iu a, general class of imUtiply counectc'd 
locally static spacetimes with closed timelike lines by Frolov [43]. The question of 
violations of unitarity for interacting quantum field theories in curved flpii.c('tinK' 
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with and without a time machine were dealt with in [18,19]. Particle creation du(' 
to time travel through a wormhole was discussed by Kim [44] . 

More importantly ,Kim and Thorne (KT) [45] analyzed the question whether 
quantum effects could prevent the occurence of closed timelilce curves .The Clauchy 
Horizon (CH), which separates the region with CTL’s from the region without it ,iH 
usually unstable against classical perturbations for most of the known spacetiuK'S 
with CTL’s. Strangely enough for the wormhole-based time machine thin is not 
so. However the quantum analysis by KT reveals that the vacuum ixdarizal.ion of 
a massless conformally coupled scalar field diverges near the. CH. Does this diver- 
gence destroy the possibility of forming CTL’s? According to KT the. answ('r is no. 
They show that the vacuum polarization’s gravity gives rise to metric fluctuations 
^9fiu ~ , where Ip is the Planck length , D is the distansc bctw(U'n the' 

wormhole mouths and At is the proper time until one reaches the CH.For a inae.rt)- 
scopic wormhole with D = Im ,6g^f would have grown to only Ip/D = wlu’ii 

one IS within one Planck length of the CH. Beyond this Quantum gravity t'lf(:(;ts 
take over and there is no reason to believe in the results of quantum field l.heory 
in curved spacetime.This prompts KT to conjecture that the vaemun polari/,n,tiou’H 
divergence gets cut off by quantum gravity effects and' spacetime reinmns smooth 
and classical and develops CTLs without any difficulty. Hawking [46], on th(' otlu'r 
hand has criticised the KT estimate of where quantum gravity invalidates quuntum 
field theory in curved spacetime. He suggests that spacetime near the CH Kunains 
smooth and classical until one reaches DAi = whence = 1 .Tlim-.al'ti'i- tlu' 
divergence dominates and forbids the formation of CTLs. This is basiodly what 
is known as the Chronology Protection Conjecture. The issue is however far from 

resolved and probably will remain so till we get to know more about the theory of 
Quantum Gravity. 

Finally afew words about the issue of topology change in the Lorentzian c(.ut<‘x(,, 
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which is ,in a certain sense related to the largely ill-understood question of wftruiliolc' 
formation. Progress in this field has been made very difficult by two well estnbli.slK'd 
no-go theorems. The first of these ,due to Gcroch [22], sta,tcs that if one* mhhuhu'h 
a Lorentz signature metric on a manifold with spacelike slice.s of different topology 
then there must exist either CTL’s or singularities. Tipler’s couclusiona ten ycvirs 
later (the second no-go theorem), were even more drastic .He proved that, if one 
imposes either the requirement of the WEC or the Einstein eqtiations in addition 
to the assumptions of Geroch then one necessarily ends up having singularitic's. 

However, inspite of these rather depressing but true results people have tii<'d to 
construct various models for sucla processes. We now cite some of them. In 1973 
Yodzis [51] discussed Lorentzian cobordisms from a mathematical point of vi(‘w. 
His constructions however had singularities. Later work on topology change has 
been on simplistic models in 1 + 1 and 2 + 1 dimensions. Among these i.s the tiuusf'iH 
problem in 1 + 1 dimensions. Anderson and DeWitt [47] and subseqtiently Manogiu* 
et. al [47] studied quantum fields on the trousers manifold and concluded tlmt Hiuii 
a process would lead to infinite particle production. On another front, Witt(*n [40] 
has used the exactly solvable model of 2+1 dimensional quantum gravity to evaluate 
topology changing amplitudes.Recently, Fujiwara et.al [50] have rnodellcxl n large 
number of processes in 2 + 1 dimensional Euclidean Einstein gravity with a negative' 
cosmological constant. The rules for topology changing processes in even and odd 
dimensions and the relationship between topology change and monopoh; ('r(’n.tion 
has been investigated by Sorkin[48]. The interesting fact that Ashtekar’s refonuula.- 
tion of GR allows degenerate metrics was put to use by Horowitz [52] in consii iicting 
quite a few examples of topology changing ma.nifolds in 3 + 1 dimensions. 



Chapter 2 


Basic Notions of Traversable 
Wormholes 


Tlie aim of this chapter is to provide some necessary background inateiial I'clevaiil. 
for the later parts of this thesis. Three topics are discussed. In section 2.1 w(' 
shall deal with the Morris-Thome construction of a traversable worinhok’. Tlie 
method of ‘surgical grafting’ suggested by Visser is reviewed in section 2.2. bVction 
2.3 contains an up-to-date summary of the work done on the energy c.ondil.itniH, 
including the Morris-Thorne theorem on the violation of the Weak Energy Coiiditiou 
by the matter threading a Lorentzian wormhole. The final section introduccH the 
idea of wormhole traversability and the associated notion of time tra.v(il. 

2*1 The Morris-Thorne approach 

In general relativity the interrelationship between matter and geometry is well 
known. Normally when one solves the Einstein field equations an initial aHHUiup- 
tion is made regarding the nature of the matter to be inserted on the R..H .,S. The 
latter must satisfy certain physical requirements and possibly certa,in equatioiiH of 
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state. These together constrain the components of the energy-inoincutnin tc'iiHor. 
Thus, given a certain kind of matter one looks for the resulting geometry. Morris 
and Thorne [14] did exactly the opposite while framing the notion of a Lorc’ul.zimi 
wormhole. They first imposed certain restrictions on the components of the motiic 
tensor, to ensure that it fulfilled the minimum requirements for having a Lorentzian 
wormhole geometry. Thereafter, they turned towards an analysis of the l,yi)(’ of 
matter that would be necessary in order to have such a spacetime structurt'. W(' 
recall here these conditions on the metric. In section 2.3 the analysis of the rt'snltiug 
matter stress-energy will be carried out in detail. 

Let us consider the case of a static , spherically symmetlic metric gt'iu'ri(’n.lly 
given by 

ds^ = H ~ b {r)' ^^^^2 (2d ) 

1 "* ^ * 

r 

<5(r) and 6(r) are two unknown functions, namely the ‘redshift’ and ‘shape’ functions 
respectively. dO.^ is the line element on a two-sphere. 

In order to avoid the presence of horizons/singularities $(r) should be such tlin.t 
g 2 <i>(r) -g never zero in the given domain of r. (A detailed proof of this 

result for general static spherically metrics can be fotmd in Vishveshwara [53]) 

As suggested by its name the function h{r) characterizes the shape of th(' Hplu•(^- 
like slice. It turns out that if we wish to have a wormhole, h{r) mast satisfy l,h(' 
following requirements: 

b(v^ 

(i) ^ with b{r = b^) = bg (2.2) 


.... b(r) 

(^^) — ^ > 0 as r—*oo 

r 


(i) guarantees that the signature of the metric is Lorentziau and implies tlnil. there 
exists a minimum value of r which defines the throat of the wormhole (r = />„). (ii) 
guarantees the asymptotic flatness of the metric. 
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A better way of understanding the significance of these conditions is to ('mix'd 
a spacelike slice (say a two-dimensional section given by t =const., 0 = n/2) iu it 
higher diineusioiial Euclidean sjiace. Th(' metric on in cylindrical coordiiial.i's in 
given as 

ds^ = dr^ -]- dz^ -(- ( 2 .‘ 1 ) 


If z{r) (the embedding function) describes the profile of the two-dimensional sec.tion 
as viewed in ,then by comparison with equation (2.1) one can write down tlu' 
differential equation which relates z\r) and b(r). This turns out to be 


J -.0 

( 

[ 1 ,1 

\dr J 

1 

H 

1 

1 

r— 1 

1 


(2.5) 


Thus, given a 6(r) one can in principle integrate the above to obtain 5 ( 7 '), Wliat 
do conditions (i) and (ii) tell us about (^)'? The first implies that (f )" - > (X( as 
’’ K- (ii) leads to the fact that — 7 0 as ?• --+ 00 . For a well behaved b[r) 

with no zeros anywhere the function z{r) would generally look as shown in Ji’igmr 

2 . 1 . 


One can write the above metric in an alternative way by using the propei’- radial 
distance function /(r); 



As.suming l(r) to be invcrtililc Eq 2.1.1 can be written as 


(2.(J) 


ds = -e^y‘)dr -I- dr + r^{i)dn'^ 




Note the taet that the function i(r) hae a range -co < ! < oo . / ±oo refer l„ 
the two asymptotically fiat regious. At the throat r = 4., ; = o. The rouilitim.a 
on b{T) translate into conditions on r(l). These are 1 -* ±oo, r’ C and 1 I), 

>•’(() i.;. In a similar way, the conditions on 4(, ) translate into idouticlU ones tor 

x{l)- 
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Figure 2.1: z(r) versus r for a general worinliole 
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A few examples are in order now. Assume for simplicity $(j') — 0. Considci (.he 
choice 

i,(r) = S (2.6) 

r 

For thi.s case z(r) turns out to be 

z{r) — ho cosh (2.0) 

which represents a catenoid. In terms of the I coordinate one can write the iiic’tric 
as 

ds^ = -dt^ + di^ + {hi + i^)da^ ( 2 . 1 ( 1 ) 

This simple example was first investigated by Ellis [31] and used subscKpieiitly by 
Morris and Thorne [14] to illustrate the notion of a wormhole. One iinpoi'tiuit 
feature of this metric is that its 2+1 dimensional version has spacelike Hcn'tious 
which when embedded in W have zero mean cvxrvature implying that they are 
minimal surfaces. 

Another choice of h{r) could be b{r) = h'^r^~'^ with 0 < rn < 1. The ni “ 1 
case is the Schwarzschild wormhole. Way back in 1916, shortly after the dlHt'overy 
of the Schwarzschild solution, Flamm [54] noticed the wormhole- like featun's of tlu' 
Schwarzschild solution. For other values of m one gets Lorentziaii wormholeH with 
different shapes some of which have been discussed in [14]. 

The conditions on h{r) and fb(r) are not tod restrictive and with sonuj intelligent 
guesswork one can easily construct wormholes at will. In many cases, howt’ver I, he 
exact functional form of l{r) or z{r) may not be easy to obtain. 

2.2 The Visser approach 

111 1989, Visser [33,34] proposed an. elegant new method for eonstructing travcn'Habh' 
wormholes. This is based on what he termed as ‘Schwariisdiild surgery’. It is kiicwu 
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that spacelike sections of the Schwarzschild or the Reissner-Noidstrom gc'oiiu'tiy 
have the features of a -wormhole. The only problem with them is the cxisi.eucc' of 
horizons and singularities. This makes the wormhole non- traversable. In order to 
avoid the existence of a horizon Visser used two copies of the Schwarzschild ge- 
ometry with the r < 2m. region removed. This gives two submanifolds wlii<'li m(' 
gcodesically incomplete and have a boundary given by the timelike hyix'rstirfiuu'.s 
^ 1,2 = a > 2m. These two manifolds were joined across a surface layer to obtain a 
gcodesically complete manifold resembling a wormhole connecting two asyniptolii- 
cally flat regions. The metric on this geometry obviously had a kink and thcrt'foic' 
its first derivatives were discontinuous. The construction is based on the Junction 
Condition Formalism[72,73] using which the surface stress energy at the the tliroat 
turns out to be 


= ( 2 . 11 ) 

where AC.j = and 

A'.i* = (2.12) 

where Kf^ are the second fundamental forms evaluated in the regioiiH )i,l)ov(' 
and below the surface layer.?; is the coordinate normal at the junction. The Hurfacc* 
stress energy has to satisfy a condition of pressure balance and a further coiiHtraiiit 
reflecting the fact that stress energy may be exclianged between the layein. For 
the static, spherically and reflection symmetric cases under consideration th<’He con- 
straints are automatically satisfied and K-ij is diagonal with coiiipoiiontH by K 
Ko^ and . Denoting the components of Sj which are likewise diagoinil, as 
“cr>-^)-^we get, the following expressions for the Schwarzschild space exunji)Ie 
discussed by Visser [34]: 
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•I 


'*r 




■1 








yjl - Imja 1 l-mja 

a ^ r — -= (2.1.1) 

47ra iirn _ 2m/ a 

where r = a > 2m is the point where the geometry is cvit off. The energy deiiHil.y 
of the surface layer is seen to violate the WEC. 

Apart from providing a novel method for constructing Lorontzian wormliok'H, 
Visser also did a stability analysis of his geometries by making the throat of l,h(’ 
wormhole dynamic. It turned out that such wormholes are esaentially uuHtablt' - 
they either grow very large or collapse to a singula, rity. The examph's doall. witli 
in [33] include non spherically .symmetric constructions and a special woitiihole 
through which a traveller can move through without cncountciring the K'gioii of 
exotic matter. 


2.3 The Energy Conditions and Lorentzian Worm- 
holes 

The proofs of the singularity theorems of General Relativity (GR) arc based on tJie 
assumption that the energy momentum tensor of matter satisfies certain 
tions which go by the name of the Energy Conditions. Apart from the Hinguln.i-ity 
theorems, the proof of the positive energy theorem of GR also relic's on an JisHun.|)- 
tion on matter which is essentially a special version of the Energy Condition ('’IdK' 
Dominant Energy Condition). These conditions are far from being artificial, hi fiu't 
all known forms of classical matter obey some version or the other of the I'luergy 

Conditions. We shall now elaborate on these conditions a.nd review some of tlii' 
work done on them. 

We begin with the focussing theorem for timelike and null geodesics. Tin- Ray- 
chaudhuri equation [55] governs the rate of change of the expansion 0 of null or 





timelike geodesic bundles. This is given as 


cW 

dX 


--0'^ - - 2cr" 

n 


(2.14) 


where A is the affine parameter, n = 2 or 3 according to whether the geodesics 
are null or timelike and cr^ is a nonnegative quantity (obtained from tin' hIk'iij' of 
the congruence being considered). denotes the tangent vector to the geodesicH. 
A focal point of the congruence/bundle is defined as one at wliich ^(A) — > oo as 
A — >■ Ao from above or ^(A) — ^ — oo as A — > A^ from below. Now, if > 0 

then one can write 

^ + V<0 (2.15) 

dX n 

Integrating the above one gets 


^ ^ + -A 

6 0„ n 


(2.HI) 


where do is the value of ^ at A = 0. If do is negative somewhere (that, is the 
congruence is initially converging) then | must pass through a zero as d — > ~oo 
within a finite value of A given by A < The convergence of the geodesics here' 

indicates the existence of a singularity in the expansion of the congruence luid not 
in the underlying spacetime. However the focussing theorem together with certain 
other global arguments actually implies the existence of singularities. We shall not 
deal with those theorems the details of whicli are available in Wald [76], Hawking 
and Ellis[8]. 

The important point to note in the above i,s the fact that the focussiug of 
geodesics relies largely on the validity of > 0. Prom the Einstein field 

equations we can translate this into a statement on the matter stress ciungy - 
^ 0- This is an energy condition. We shall now enunciate the energy con- 
ditions which are well known in the literature - the Wcalc Energy Condition, l,h(’ 
Strong Energy Condition and the Averaged Weak Energy Condition. 



2.3.1 The Weak Energy Condition 

! This is i)robably the simplest of the Energy Conditions. It states that for all non- 
/ spaeclike > 0. For a diagonal written in an ortlionoriiniJ basiH 

with timelike we have 


“b TXiiXu ”b Pyi^Dtiyu) "b (-^‘l / ) 

The condition translates into p > 0, p + r > 0, p+Pi > 0 (i = 1, 2). It can be hIiowii 
that the basic statement of this energy condition i.s the fact tlnit the (ui('i'gy-(lensil,y 
of matter is positive in all frames of reference. 

2.3.2 The Strong Energy Condition 

The statement of this condition is 

( 2 . 18 ) 

where are timelike as before and T denotes the trace of the' energy niomeutuiu 
tensor. In the .same way as for tljc WEC oiu' ca.u show that the a,bove condition 
translates into the following set of inequalities p + r + J2i=i Pi > 0, p + r H- p, > {) 
(*■ = 1 , 2 ). 

2.3.3 The Dominant Energy Condition 

This condition states that for all future directed, timelike the quantity T/JC 
should be a future directed timelike or null vector. Physically the quantity T/J^ 
represents the energy momentum 4-current density of matter as scon hy an obs.u'ver 
with 4- velocity Thus the dominant energy condition means that the spc<;d of 

energy flow of matter is always less than the speed of light. The Dominant Eiungy 
Condition translates into the following inequalities p > |t|, p > |p.| * = 1 , 2 . 
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2.3.4 The Averaged Weak Energy Condition 

In tlio late seventies Tipler [58] suggested a new energy condition which was not. 
local but global. He considered the inequality 

(2.19) 

Ai 

and showed that this requirement was sufficient in order to prove the singularity 
theorem. Weaker versions have been discussed by Horde [59]. The Penrose tla'orcins 
for open rmiverses which relied on the WEC have been extended by assuming iJic 
AWEC (Roman[13]). 

We now review the work <loue on the conscMpKnica's of violations of thes(’ condi- 
tions. Thi.s will in turn lea.d us to the. latest examide - the cn.se of th(' L(3rent/,inu 
wormholes. 

In the earlier half of this century, the general belief was that the trace' of l,h(' 
energy momentum tensor of matter T° should be always greater than or eipial to 
zero. This led to the fact that p < In 1962 Zel’dovich [56]constructed a. laodi’l 
quantum field theory with a vector boson and demonstrated that for this case p = p. 
It turned out later that equations of state like p = p had to be taken into account 
seriously while dealing with the matter residing at the core of neutron stiu'H. 

A major drawbadc of the cosmological models in GR is the inevitable i^resf'iic.c' of 
a singularity, which implies the collapse of the whole of spacetime. Several attt'inpts 
were made in the seventies towards resolving this crisis. One suggested way out was 
the introduction of violations in the Energy Conditions. The works of Paiki'i' and 
Fulling[60] , Murphy [61], and Bekenstein [62] were all related to the. construction of 
nonsingular cosmologies based on EC violating energy momentmn tensors. Ev('n tin' 
currently fashionable inflationaxy cosmologies which rely primarily on the prcweuco 
of a Higgs-like field require SEC violating matter during the inflationary era. Tliis 
follows from the fact that the massive scalar field energy momeirtum tensor viola.t<'H 
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the SEC. 

Similarly, for the case of stellar collapse one can attempt to avoid the bhick hoh' 
singulaxity by considering a violation of the WEC. This was studied in some (h'tiul 
by Bergmaiin and Roman [68]. 

Around the time when Penrose i)ul)Iishod his first singularity thcorc'iu (1905) n’- 
searchers in axiomatic field theory, namely Epstein, Glaser and Yaffo. [10] i)r()V('d tlu' 
important result that the expectation value of Too taken over certain specific (juiui- 
tum states can actually be negative. Examples of WEC violating energy moiiK'utum 
tensors are abundant in the context of quantum field theory. The most dra.mnl.i(' of 
these is the case of the Casimir eff’ect[ll,12,13]. The renormalized stress eiuugy t('n- 
sor of the electromagnetic field confined l)ctwoen two perfectly ('oncluctiug, ])aral]('l 


capacitor plates violates both WEC and SEC. Iii quantum field theory in curvc'd 
spacetime the well known examines include the in spacetimes with moving 


mirrors[63,64] , massive Dirac particles in Kerr-Ncwman geometry [66], interacting 
field theories [66] and the squeezed vacuum states of light . The last of th('H(>, lik(' 
the Casimir effect is once more a.u exaniph'. whic.h has Iuh'u verific'd exp(u'im(Mitn.lly 
[67]. 


After the discovery of wormholes serious attemps to understand the validity of 

the averaged energy condition in the quantum field theoretic context have Iutu 

made in the papers by Kliukhammcr[69], Yurtsever [70] and Wald and Yiirtsiwcr 
[71]. 


We now turn to the case of traversable wormholes and the nature of tlie mattt'r 
that threads such a geometry. Our analysis here will be confined to static spln'i'ically 
symmetric metrics. The form of the metric is the same as in (i). The imknowu 
functions b(r) and $(r) will be assumed to satisfy the necessary conditions for tlic 
geometry to represent a Lorentzian wormlrole. We define an energy momentum 
tensor which is diagonal with components in the static observers frame given by 


Too p(>")i T\\ ^■(t ), T33 p(t’). The Einstein field equations lelntc' the 

metric functions with the components of the energy momentum tensor. These nre 


p(r) = 


/ \ y 
^(0 = -3 + 


2 $' 




b' 

r 


pW= -i; 3 -+ 1 


6' 

r 


^ -I- $'2 q. ~yr + h ^ 


2 r{r — 6) r , 


( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 


where we have taken SttG - = 1. RecaU that we have already con»tr.ui»-,l 

Kr) and «(r) in order to ‘make’ a wormhole. Thus the functional forms of /<, r.,, 
are in principle known to us. 

We now check whether the WEC is satisfied by the energy momentum tensor. 

The first inequality p >0 simply impHes that b' > 0. The second one is non trivial. 
It is given as 

, Vr-b , 2$' / h\ 

— „ (1 )>0 (2.23) 


r \ r, 

The question is whether this is satisfied for all r. 

We know from the embedding of spacelike slices that 


dr u ( ^ ~ 

d^~'^[~r) (2.24) 

Therefore 

d^r _ b — b'r 

d^~~W~ ( 2 . 2 (>) 

Now at the throat (r = 6.) tho function r(r) (whidi i.s j„si th,, inverse of r,( r ) ) has 
to have a minimum. Therefore r"(z) 0 => 6_ iv 0 strictly. On tl„. 

other hand, assuming that is everywhere finite wc have b'r - b \ y >0 as the 
condition emerging from the energy condition. Hence we have a contradiction. W<. 
cannot have a wormhole with the required matter satisfying the WEC. Tliis simple 
result is known as Morris-Thome theorem on the nature of the matter threading a 
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static traversable wormhole. Similarly for Visser type wormholes the surfact* stress 
energy at the joint violates the WEC as has been shown earlier in 2.2, 

We have already discussed the possibile violation of WEC by matter eiieigy mo- 
mentum in the context of quantum field theory. Morris and Thorne had suggc'sted 
that these examples typified the matter required to make a traversable wonuhok'. 
However, as we shall show later in this thesis, there is another way out. If one 
considers evolving wormholes one can avoid WEC violation at least for fiuitf' in 
tervals of time. Such evolving geometries which may grow very large or collapse' 
altogether can be further considered as a part of the expanding rmiverse, and mnd(' 
quite realistic. 


2.4 Traversability and Time Machine Models 

We now move on to the notion of human traversability of a Lorentzian wormliolc 
geometry and thereafter discuss the time machine model introduced by Morris, 
Thome aird Yurtsever using traversable wormholes. 

Consider the science-fiction like scenai’io in which we imagine a human being 
starting off at one asymptotically flat region, moving through the wormhok' and 
ending up in the other asymptoticaUy fiat region. Since gravitational forcr's near 
the throat may be quite large it is possible that the person might get crushed whil(' 
attempting such a traversal. Thus it is necessary to construct a set of constraiutH 
which when obeyed would make a wormhole traversable in the human sense. 

Since gravitational forces are characterized by the values of the Riemann cur- 
vature tensor components (through the equation of geodesic d eviation) at different 
points in the spacetime, one ends up c*^raining these in order to 

make a wormhole traversable for human beings. Assume a traveler starting out 
from one asymptotic region. If n denotes the four velocity of the traw'k'r, tln-ii 
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the orthonormal frame associated with him is related to the static observer’s frame' 
by a simi:)le Loreritz transformation. The requirement that the traveler does not 
feel an acceleration more than one Earth gravity leads to another constraint. Stated 
mathematically these conditions read as: 



(ii) exp(-$)[^(7exp(#))]yi - ^ ^ ^ (2.28) 

where the hatted frame is that of the static observer and the i)rime(l one (b'liotes 
the traveler’s basis set. 

Criterion (i) (a) quite generally constrains the form of $ and b(r). (i) (b) 

then puts an upper limit at any point of the journey on the allowed values of 
(u/c). A velocity exceeding tliis limit will result in unbearable tidal forces. Lastly, 
the acceleration constraint given in (ii) contains two terms. The first one giv(’n 
by (1 — ^)2 exp (— is due to gravitational free fall, while the other, 
i.e., (1 — results from nongravitational forces which could, in priuci2)lc, be 

controlled and adjusted by the traveller. This condition in general puts additional 
constraints on the allowed values of l>o and 7. Morris and Thorne have also discussc'd 
further constraints such as restriction of the traversal time (in the static ob.Horver’.s 
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as well as the traveler’s frame) to a inaximimi of one year. However, this is not n 
necessity in making the wormhole traversable, 

Once we have a traversable wonuliole we can very easily convert it into a tirin' 
machine. This was shown by MTY [6] in 1988. 

Consider the wormhole as depicted in Figure 2.2 where 1 and 2 denote th(' 
two mouths of the wormhole. If one accelerates Mouth 1 to a light-like V('locity 
for a short while and their brings it back to its old positioir - a time delay AT is 
introduced in the clock at 1 relative to the clock at 2. Thus, tra.vcling from Mouth 
1 to Mouth 2 sufficiently fast through the wormhole and back to Mouth 1 ac'.ross 
the asymptotically flat region leads to backward time travel as seen by the iiK'rtial 
observer. The opposite motion, i.e., from Mouth 2 to Mouth 1 tluough wormhole 
and back gives rise to future time travel. 

MTY were able to write down a metric that represents such generic r<'lativ(' 
motions of the wormhole mouths. This is given as 

ds^ = -(1 + glF cos d)e^'^dF + + r‘^{l)dHl (2.29) 

wheie F{1) — 0 for / < 0 and F{1) rises smoothly from 0 to 1 as one moves rightward 
from the throat to Mouth 1, g{t) is the acceleration of Mouth 1 as measured in 
its own asymptotic rest frame. The coordinate transformations from wormhole' 
coordinates to Minkowski coordinates {X, F, Z, T with ds^ = -dT^ + dX^ + dY'^ + 
dZ'^)m the neighbourhoods of Mouth 1 and Mouth 2 are 


" = Ti + vyl cos 0, Z = Zx-\--yl cos 6 

(2.30) 

X = / sin 6* cos F = / sin 9 sin (j) 

(2.31) 

T = t, Z = Z 2 + 1 cos 0 

(2.32) 

X = Isin 9 cos <f>^ F = / sin ^ sin ^ 

(2.33) 
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Figure 2.2: The wormhole in a topologically different representation 
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where Z ~ T = Ti(t) is the world line of Mouth 1 with V = and 

dt^ = dTy — dZf. Z 2 is the time iud<;i>e.iidout location of the Mouth 2 It can l)e 
shown that the matter required for the above metric violates all versions of tlu^ 
energy conditions. MTY used the Casimir stress energy to geneiatc the rtajuin'd 
exotic matter at the tliroat of the wormhole. 

The fact that a wormhole spacetime can be converted into a time machiiK' ine.aiis 
that it can be made to possess closed- timelike curves, Wc have briefly sumnmri/,('d 
the research on such geometries earlier in the introduction. Popular accounts on 
time travel can be found in Thorne’s latest book [77] and the consequence's of 
time travel in the context of quantum j^hysics have been disctissod by Dcutsch and 
Lockwood [78]. We shall now leave this fascinating topic and concentrate' me)re' 
on the geometry, matter content and wave propagation in wormhole ge'-onie'trie's 
without closed timelike curves, in the next four chapters. 



Chapter 3 


Two New Examples of Wormhole 
Geometries 


The basic criteria for constructing a traversable wormhole geometry have b(^en dis- 
cussed in detail in the previous chapter. Our aim here is to provide certain s])oc‘iiic 
examples. In the first section we introduce a one-parameter family of wormhole* 
geometries. The parameter defining a member of the family controls the rate of 
change of the embedding function -in other words it increases/decreases tlm flaring 
out of the geometry in the neighborhood of the throat. The motivation for eliscusHing 
this simple class of wormholes is that we shall be using them later (Chapter 5) a.s 
backgrounds for studying the propagation of scalar waves. 

The second section is concerned with another class of static spherically symmet- 
ric geometries with the required matter satisfying the tracelessness constraint. Both 
Morris Thorne and Visser type wormholes are discussed with emphasis on tlnur 
embeddings, the required matter and their traversability. 
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3.1 A One Parameter Family of Wormholes 


The oiie-paxaineter family of wormholes to be introduced in this section is csae.ntially 
an extension of the Ellis geometry.The metric for these geometries is gen<'.ricn,lly 
represented as follows 

ds^ = --cie + di^ + ( 3 . 1 ) 

Here dfl^ d9^ in 2 + 1 dimensions and dO? = dO^ + siv?9d4!^ in 3 -f 1 di- 
mensions and r(/) = can ca-sily generalist' this inolric to liiglici 

dimensions (i? >4). u is the parameter which is assumed to take on only cvc'ii 
values. The choice of even n is based on the icqnircment that the function r(l) ]>c 
smooth everywhere (i.e. it has no discontinuities in its derivatives in tin' givem 
domain of I i.e. [ — oo,oo].If vt were odd then one can in principle replace the v{l) 
given above by r{l) = (6^ + this case the metric has a kink and thus to 

make a wormhole one has to use the Junction Condition Formalism of GR.W(^ shall 
however work with even ‘n’ only. 

The metric in 3.1 can be written in an alternative form by using tlu' rivdiid 
coordinate ‘r’. The form of the metric will be 



r 


+ 


where b(r) is given by the following cxpre.ssion 


b(r) = r 


1 



(3.2) 


(.3.3) 


Notice that the form given in 3.3 satisfies the usual Morris-Thonie conditions 
for a Lorentzian wormhole geometry. 

The essential features of the geometry can be understood more clearly by con- 
sidering the embedding of its two-dimensional spacelike slice.s in 
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The embedding function z{r) satisfies 


dr 


b(r) 


(3,4) 


r — b(r) 

with the b{r) being given by 3.3 .In Fig 3.1 we have plotted the R.H.S of E(jn 
3.4 as a function of r for different values of n. For the class of geometries under 
consideration here , each member has the same throat radius bo , but different 
profiles z{r) . Geometries with larger values of n flare out less quickly than those 
with small n i.e the spacetime takes on increasingly the aspect of long uniform 
tunnel connecting two flat spaces (see Fig 3.1). It should also be mentioned that 
the n = 2 case in 2 + 1 dimensions has a spacelike section which when embedded in 
has zero mean cmvature implying that it is a minimal surface . For n > 2 the 
spacehke slices are no longer so. 

Finally we turn to the matter that would be necessary to have such geometries. 
For this we need to write down the Einstein Field equations. Defining as before a 
diagonal energy momentum tensor with componeiats p,T,p we have the following. 

1 2(n - 1)/"-26” + 


P{i) = 


(bB + 

72n-2 

r(0 = 


1 


{b^ + (65 + 

(h-1)M5 


(3.5) 

(3.C) 

(3.7) 


Given p, T,p one would naturally like to check the WEC inequalities . It is easily 
seen that for all n ,l the inequality p + r > 0 is violated. The other two inequalities 
axe also violated but not throughout the entire domain of I .Therefore this class of 
wormholes can be supported only by ‘exotic’ matter. Note that for all n the matter 
satisfies the equation of state 


p + r + 2p = 0 


(3.8) 
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3.2 Traversable Wormholes With Traceless Mat- 
ter 

Among the prescriptions for obtaining wormholes, two approaches exist in the lit- 
erature. In [14] Morris and Thorne obtain static spherically symmetric wormhole 
geometries by appropriately constraining the metric tensor. Only later do tlifsy in- 
vestigate the resulting matter and find it to be exotic. Visser [33,34], on the other 
hand obtains a wormhole by connecting two identical copies of various well-known 
asymptotically flat spacetimes using the Junction Condition Formalism of General 
Relativity. 

In this" section we obtain wormholes as solutions to the Einstein equations in 
the following sense.We start with the Morris-Thorne metric which contains two 
unknown functions $(r) and 6(r).We calculate the matter density p{r) and the > 
radial and angular pressures T(r) and p(r) respectively. These are completely deter- 
mined, through Einstein’s equations,in terms of b(r), $(r) and their derivatives. We 
now require p,r and p to satisfy a certain constraint(equation of state) and as a 
result obtain a differential equation in b(r) and $(r).This equation is second or- 
der and nonlinear in # but first order and linear in 6(r).To proceed further we 
make a specific choice of #(r), consistent with the requirements that the nn^tric bc^ 
asymptotically flat and free of horizons and singularities. We substitute this $(7') 
into the constraint equation and solve for 6(r)(to within an arbitrary constant of 
integration). With both $ and b(r) in hand ,we analyze the geometry in que.stion as 
to its shape, traversability and matter content. It should be emphasized that only 
specific combinations of the constraint equation and of $(r) , will result in a shaijc 
function b(r) representing a wonnhole. Among the various possibilities available, 
we have chosen tracelessness of the energy momentum tensor for our investigation 
here.It is worth mentioning that traceless matter can either satisfy or violate the 
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WEC. Perfect fluids with p = ^ satisfy it whereas the Casimir stress eiu'rgy is w(’ll- 
known to be WEC violating [11,12,13] .Our choice for the redshift function is fairly 
simple-^ = —f,a > O.For all r > 0 exp 2$ is finite and nonzero which implic's tlu' 
nonexistence of horizons and singularities. 

It turns out that with the above choices, the resulting shape function a.ctually 
does represent a class of traversable wormholes. We analyse the nature of the matter 
(WEC) and the embedding of the spacelike slices. Another class of asymptotically 
flat solutions made possible Ijy a difiei'ent choice of the constant of int('gratiou 
is used to construct Visser type wormholes.lt so happens that for these Visscu- 
type wormholes the exotic surface stress energy is not traceless. Finally, human 
traversability of these spacetimes is discussed.lt leads to lower bounds on the' throa.t 
radius of the wormhole. 


3.2.1 The Field Equations, Solutions and Wormholes 

We begin with a spherically symmetric static metric parametrized in terms of two 
unknown functions and 6(r)(the ‘redshift’ and ‘shape’ functions respectively). 

ds ^ = + ^^^^2 ( 3 . 9 ) 

r 

From the Einstein field equations (Eq 2.20,2.21,2.22) with p(r), r(r) and p{r) as 
the diagonal components of the energy-momentum tensor in the static ob,s(>rver’s 
frame of reference, we obtain, using the tracelessness constraint —p r + 2p = 0 
the following relation between b{r) and <&(r) : 


-I- $'2 + ^ 

r 2r(r - h) r(r - h) 


= 0 


(3.10) 


For # - 0 the above equation has a simple solution h{r) = 6o, where 6o i” a con- 
stant.This is the familiar horizon-free Schwarzscliild wormhole with the co(>fli(>i(mt 
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of dt^ in the metric set to one. Its matter stress energy is somewhat peculiai in tlu' 
sense that the energy density is zero while r = — 2p. 

Wih a redshift function $ = ^ however, Eq.(5) reduces to the following fir.st 
order differential equation for 6(r). 


(,/ I j,r 1 




+ r(a: + 2r) 

This integrates straightforwardly to 


(3.11) 


. i^ 4 (x) + C'exp2(x — 2) . 

b(x) = a^^ 1 ^- = ab(x) (3.12) 

cc 

where x = 2 + f,C is the constant of integration and F 4 (x) is given as 

F4(a!) = fa:^ + 2a:^ + 3a;2 + 3x + 1.5] (3.13) 


We first note that this shape function satisfies the asymptotic flatness condition 
i-e ^ = 6(x)(x — 2) — > 0 as r -+ co(x — ► 2) irrespective of the chpice of (7.Hf)wever, 
^ = b(x)(x — 2) < 1 i.e we have a Morris-Thorne type wormhole ,only if C 
satisfies the following inequality at all points in the domain of x [2 < x < xo 
(a(xo — 2)~^ < r < oo)] 


0 < C < exp 2(2 — x) 


x^ + 3x* + 4.5x + 3 

X — 2 


(3.14) 


The equality holds for x = xq which marks the position of the throat .A i)lot 
of the equality relation is given in Fig 3.2(curve (l)).Thus xq fixes C but not the 
absolute size of the throat which depends further on the parameter a. 

Tot C >0 b{x) is positive.The curves (1), (2) and (3) in Fig 3.3 show the plots 
for 6(x) for three different values of C.As we reduce C the throat moves inwards 


in r.Finally for C — 0, ^ = 6(x)(x — 2) equals one only for r = 0(x = oo) and, 
instead of a wormhole , we end up with a singular geometry. This is because the* 
redshift function diverges as r — > 0. 
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If C IS negative then b(x) can be positive only upto a certain where it has 
a zero.The values of C and the corresponding x^ax are shown in curve (2) of Fig. 
3.2 which obeys the following equation. 

C = -F4{x)exp[2{2 - a;)] (3 15) 


The fact that tHs curve has a minimum signifies that beyond a certain C value 
h{x) is negative for all x.Curve (4) in Fig. 3.3 shows a plot of h{x) for a negative C 
value lying above the minimum. 


The geometries discussed above are otcourse belter understood in terms of the 
embeddings of their spacelike slices.In Fig 3.4 we plot the quantity versus 
x.We see that (1) .(2) and (3) are the usual Moiris-Thome wormholes.The fourth 
curve which results from a b{x) with C < 0 has a altogether different shape in 
imbedding space. Here the embedding function has a point of infleidon and the 
geometry curves inwards instead of ‘flaring out’ beyond the throat.(as happens for 
the usual wormhole).Later in thisleitiiii, sections of these geometries will be used 

to construct Visser type wormholes . 


A. this stage It IS worthwhile to analyse the nature of the matter that tlireadi 
various geometries.Tka^lessness has been imposed a, a constraint and has led 
to the solutions discussed above .However, as mentioned earlier, tracelessness alone 

check 

the WEC inequahties for the cases of interest here. 

as foiiir '>c 


P + r > 0 


- 6(a:)(2a: ~ 5)] > 0 

(x — .. .. . 

Wx - 1) - J(i)(4i 2 - 12a + 10)] > 0 


(3.16) 

(3.17) 



4.5 


5 


Figure 3.4: Embedding of spacelike slices for the geometries discus^sed un 
Sec.3.2;(dz/dr)^ plotted against a: for C values (1) (7 == 9.541 (2) C' •- l.-l» (>3) 
C = .1863 (4) C = -2,5 
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p + p>0 -? - ^- [4(x - 3) - bix){Ax^ - 24x + 30)] > 0 

xa^ 

{3.18) 

Figs 3.5, 3. 6, 3. 7 are the plots for the left hand sides of these inequalities as 
functions of a:.In two of the C > 0 cases(curves (1) and (2)) only the second of these 
is seen to be violated and that too only near the throat. In other words, one can 
localize the WEC violating stress energy to a small region in space by appropriately 
choosing C/.To see how small this region can be and what the geometry looks like 
within it we note from Fig3.6that for the case with Xq = 5(C = .1863)(curve (2)) 
violation begins at x = 4.54(r = .3931a:) and continues upto the throat x = 5(r = 
.3333a). Thus the region of violation is about .060a which is certainly less than the 
throat radius itself. However, the geometry flares out very little from the throat- 
the tangent to the embedding curve z(r) makes an angle of 78 degrees at the point 
where WEC violation ends.On the other hand ,if C = 1.218xo = 4 WEC violation 
starts at about x = 3.49(r = .671a). The throat is at x = 4(r = .5a), Therefore, 
the region of violation tmns out to be .17a which is just one-third of the tliroat 
radius.The angle made by the embedding curve is about 70 degrees.For xq = 3 
we see (ciurve (3)) that the WEC is violated every where.In [14] Morris and Thorne 
showed that if one wishes to have a large flare out from the throat(say of 45 degrees) 
over a region small compared to the throat radius then one must have b' and hence p 
negative at the throat. However if V is positive everywhere then all that the Morris- 
Thome analysis says is that a 45 degree flare out from the throat is impossible 
over a very small region. One can check this with a little effort for the geometrie.s 
discussed here.Moreover,we notice that for our geometries (for which V is jiositive 

everywhere) the region of WEC violation can be microscopic only if the outward 
flare within is very slight. 

For C < 0 the matter satisfies the WEC in the entire domain [2,x„i„^] of x(curv(!s 
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It- 

a 

Jf 


Jf 

v, 

I! 


(iii) and (iv)). However, since the geometries for C < 0 are not by themselves worm- 
holes one has to suture two identical copies and ‘make’ a wormhole a la Vissci 
[34,33] This basically employs the Junction Condition Formalism of GR . Using 
the expressions for the surface stress energy mentioned in Sec. 2.2 we obtain , 


where bg is the 
Notice that we 
from violating the 


cr = 




(a + 


(3.19) 


27r6o’ 47r6g 

point in r where we cut the geometry off. 

can neither ma.ke the surface stress energy traceless nor kc'cp it 
energy conditions . 


3.2.2 Traversability 

We turn finally to the question of human traversability of the wormholes intro duc.i'd 
here. In Sec.2. we have outlined the relevant criteria.These include the tidal forces 
felt by a traveller across his body and the accelerations experienced by him.For our 
metric these conditions read : 


(0(a) 


(x — 2)^ 
xa^ 


[4 — b(x)5(x — 2)]j < 


(10’°cm)^ 


(3.20) 


(0 ^ l[{(® ~ 2)^^ -I- x} - fe(.x){i?; 2 (x)^^ -f x(x-2)}j| 


xor'^ 


< 1 
— (10i0cm)2 


(3.21) 


(■•)- 

a 


(® - 2) Vl - K^)(x - 2)(7 - ^) 


where ^2(2:) = - 4x -|- 5, /? = i 


< 


.97L.Yr 


(3.22) 


Let us first consider a traveller moving with a constant nonrelativistic velocity 
(i.e., 7 w 1). In this case the second constraint above puts the most stringent 
restriction on the allowed values of cv.Fig 3.12 shows a plot for the function of 
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X appearing in the L.H.S of this inequality for two values of C{C = .1863 and 
C = 1.218). The maximum value of this function is about 1.5 for the former ca.s<‘ 
and .8 for the latter.On the other hand ,for the first two inequalities the maximum 
values of the relevant functions are 5.3 and .92 for C = .1863 and 2 and .4 for 
C = 1.218.These are seen from the curves (1) and (2) in Figs 3.8 and 3. 9. Thus 
the minimum permissible throat radius which is consistent with the traver.sability 
constraints turns out to be .51 L.yr and .39 L.yr for the C values .1863 and 1.218 
respectively. 

If, on the other hand, our traveller is capable of adjusting his velocity (as he 
moves across the wormhole) in such a way that 7 (x) = exp(x) = exp(2 + cv/r) he 
will feel no acceleration whatsoever right through the journey. However, he will 
have to move at an almost lighthke speed throughout, with very subtle variations 
resulting out of the very specific choice of 7(x).For this case the first constraint 
yields nothing new. The third constraint is satisfied automatically by virtue of the 
specific clioice of 7 . 1 t is the second constraint which yields the lower bound on the 
throat radius. As before we plot the function of x that appears on the L.H.S for 
the two C values.The maximum occurs around 40000 and 3000 for C = .1863 and 
C = 1.218 respectively(Fig3.11,3.10).Thus the minimum permissible throat radius 
is about 6.6 x 10^^ cm and 2.73 X 10^^ cm for the smaller and larger C values 
respectively. 


3.3 Remarks and Conclusions 

Since Section 3.1 essentially contains background material relevant for Chapter 5 we 
sheill put down here our concluding remarks on the geometries discussed in Section 
3.2. 

The main question addressed in Section 3.2 is whether there exist nontrivial 








Figure 3.10: The L.H.S of the tra,vcr,sability in E(i 3.21 fo 
and relativistic velocities. 
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travel sable wormliole solutions wliidi obey a ceitaiii physical lequiremeiit on tlit' 
matter stress energy. We have been able to find such spacetimes for matter satisfying 
the tracelessness constraint. Our solutions depend on a parameter (7.For positive val- 
ues of C , these solutions represent Morris-Thorne wormholes with exotic matter. As 
C decreases the exoticity becomes confined to an ever smaller region around the 
throat which also reduces in size. For C7 = 0 both throat and WEC violating region 
shrink to zero. For C < 0 WEC violation disapiiears altogether but the geoinctiy 
no longer remains that of a wormhole either. This illustrates clearly the intimate 
relationship between exotic matter and the wormhole shape. The C < 0 solutions , 
being asymptotically fiat can nevertheless be used to construct Visser-type worm- 
holes through the Junction Condition Formalism of GR. Finally an analysis of the 
traversability of the Morris -Thorne type geometries yields a certain lower bound on 
the throat radius. This, for a traveller moving with an extreme relativistic velocity 
turns out to be around 10^^ — 10^^ cm for the C values in the range .1-10. On the 
other hand , for the case of non relativistic velocities the size of the wormhole can 
be as large as .511ight years. 

One assumption we have made regards the choice of the redshift function. One 
can check that for a somewhat more general choice -$(?’) = — (p)” it is difficult 
to integrate the resulting differential equation and arrive at a closed form solution 
which would represent a wormhole. The case = .5 is easily integrable but yields a 
solution which is not asymptotically flat. 

Finally a remark about other constraints on matter. We have tried obtaining 
wormholes by imposing ‘isotropic pressures’ as a restriction. One can arrive at asymp- 
totically flat geometries of the type discussed in this paper for the C < 0 ca.se with 
the same choice of the redshift function.Unfortunately these can be used only to 
construct Visser type wormholes. The exotic matter at the throat cannot be made to 
satisfy the condition of isotropic pressures at any cost unlike the case for traceless 
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stress energy discussed here. 



Chapter 4 


Evolving Lorentzian Wormholes 


In the previous chapters most of our efforts in understanding Lorentzian worinlioles 
and WEC violations have l)ecn concentrated on static geometries. The only ])lac(; 
where a nonstatic geometry was mentioned was in the time-machine constructions 
due to Morris, Thorne and Yurtsever [6] and Novikov [39]. The aim here is to show 
that within classical general relativity there exist Lorentzian wormholes which are 
nonstatic and which do not require WEC violating matter to support them. These 
wormholes, as will be shown, exist for a finite (but arbitrarily small or large) time 
interval and represent evolving geometries. During its evolution the shape of the 
wormhole changes in the embedding space-the throat radius expands or contracts 
and the rate of change of the embedding function increases or decreases. One can 
draw an analogy between these geometries and the usual FRW universe (k = 1), 
The spacelike sections of the former are topologically R 0 S'^ while those of the 
latter are 5*^. In the spirit of this, one can therefore think of these spacetimes as 
constituting ‘wormhole universes’. The only other papers which deal with evolving 
wormholes are due to Hochberg and Kephart [74] and Roman [75]. While the former 
discusses a possible resolution of the horizon problem using a network of dynamic 
(evolving) wormholes possibly present in the early universe, the latter considers 
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an evolving geometry with an inflationary scale factor.lt should also be mentiout'd 
that Visscr in [34] has discussed the stability of his wormholes by making th(' throat 
dynamic (i.e time dependent). 


4.1 Evolving Wormholes And The Weak Energy 
Condition 


We begin our analysis with the following ansatzen for the metric and the enc'igy- 
momenturn tensor. 


dr^ 




(4.1) 


Too = p{r,t), rii=r(r,t), T 22 = T 33 = p{r,t) (4.2) 

Here is the conformal factor, finite and positive definite throughout the 

domain of ‘t\ One can also write the metric in 4.1 using ‘physical time’ instead of 
‘conformal time’. This would mean replacing t by r = f a(t)dt and therefore 
by R(t) where the latter is the functional form of the metric in the r coorrUnate. 
However, at the moment we use ‘conformal time’. Translating all the results for t 
into those for r is a trivial exercise. p(r, t), r(r, t) and p(r, t) are the components of 
the energy momentum tensor in the frmne given l)y the onoform basis 


e" = i}(t)dt, 


,1 _ mdr 


y/'l _ l)(^r)/r ’ tihidd(l> (4.3) 

dni is the line element on the two-sphere. 6(r) is the usual ‘shape function’ as- 
defined by Morris and Thorne [3]. It will be assumed to satisfy all the conditions 
required for a spacetime to be a Lorentzian wormhole; i.e., ^ < 1; Hli _+ q as 

00 , at r — 60, 6(r) — bo,r > 6o.The Einstein field equations with the ansatz (1) 
and (2) turn out to be (units SttC? = c = 1). 



(4.4) 




la ^ 7 ^ 




^9. (9\ b 

~2— + t: I — r 


a \9. 


p(r, t) = 




9 [9^ 

a. 


+ 


b-b'r 

2r3 


(4.5) 


(4.6) 


The dots denote derivatives with respect to t and the primes derivatives with 
respect to r. The WEC {T^„u^u‘' > OV nonspacelike u'^) reduces to the following 
inequalities for the case of a diagonal energy-momentum tensor 


P + 'T'^O) P+P>0 V(r, t) 


(4.7) 


Prom Eq 4.4, 4.5, 4.6 one can write down three inequalities which have to be 
satisfied if the WEC is not violated. These are 


1 

9^ 


'9 


b' 


+ -T 


.9 


1 

9^ 

1 

9^ 


-27:+4h^ - 


> 0 

b — b'r 


9 


9 


-hiS 


b + b'r 


2r^ 


> 0 


> 0 


(4.8) 

(4.9) 
(4.10) 


Several important facts should be noted here in comparison with the case of a static 
geometry. Eq 4.8 is trivially satisfied if 6' > 0 irrespective of the geometry being 
static/ nonstatic. However, if it is nonstatic then one can satisfy Eq 4.8 even for 
the case when b' < 0. Infact, one obtains the inequality 


r2 


For every t = constant slice Eq 4.11 has to hold, which means 

21 


1-r < min 
r2 - 


3 ^ 

\a 


(4.11) 


(4.12) 
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I J[ b 





where min denotes the minimum value of the function in the given time inteival. 

For a static geometry Eq 4.9 can never be satisfied, as show.^ by Morris and 
Thome [14]. But, for a nonstatic geometry with 6' > 0 one can sat sfy Eq 4.9. We 
require 

Stated explicitly Eq 4.K: implies that the value of (6 - 6V)/r^ br all r must 
be .less^than or equal to the? minimum value of the function - q > in tlu. 

corresponding domain of ‘t ’..However, we need 

Eq 4.14 can be written in a more precise form by introducing a function x(^) = 
QfQ . We have 

§ > (- 1 ) (^ 15 ) 

With 6' > 0 and Eq 4.13 holding one clearly sees that Eq 4.9 is satisfied. There- 
fore from this very simple analysis it is clear that nonstatic spherically synunetric 
Lorentziau wormhole geometries can exist with the required matter not violating - 
the WEC. However, the fact that il(t) be finite everywhere and must satisfy the 
condition Eq 4.13 in.iplies that these wormholes exist for finite intervals of time* 
(arbitrarily small or large ). For finite and bounded fl wliich is everywhere nonzero 
this can be proved a.s follows. The finiteness and boundedness of Q,(t) implies that 
it can have only a specific class of functional forms. These include (i) functions 
which have no extremum and asymptotically approach the constant limiting values 
(e.g. A -|-5tanha;t) (ii) functions which have one extremum and asymptotically 
approach constant limiting values (e.g. A + (iii) oscillatory functions which ! 

may or may not approach the limiting values (e.g sin tot -I- a). In all the throe cases- 


a b~b' 
a - 2t^ 


(4,13) 
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where the fuiictious asymptotically approach limiting values F[t) teuds to zero at 
t — ^ ±oo and the WEC is violated. For a purely oscillatory function ther(^ exists 
more than one extremum and at the minimum F{t) is clearly negative. Thus WEC 
violations can be avoided only for finite intervals of time if one chooses a finite mid 
bounded 0(f). 

Before we construct explicit examples it is necessary to discuss briefly the em- 
bedding in of a ^ = 7r/2, t = to slice, where to lies in the interval in which the 
wormhole exists. Since our geometry is nonstatic each such slice will be different - 
more precisely the value of the function 0(f) at f = fo will dictate the shape mid 
features of this slice, which will thus change as we alter fp. The metric on such a 
slice takes the form 

ds^ = O'(fo) 

Define 

f=0(fo)r '(4-17) 


dr^ 




-j- d<j)'^ 


(4.16) 


Thus 4.16 takes the form 


da" = 


dP 


1— a(f)fl(to) 


+ Pd<f>^ 


(4.18) 


where a{r) is the functional form of b{r) in the r coordinate. The minimum value 
of f which determines the throat radius is evaluated from 


a(6o)0(fo) = bo 


(4.19) 


This clearly shows the dependence on 0(f). Using the mathematics of embedding we 
can write the following differential equation for the spacelike slice at f = fo- 

-,4- 

(4.20) 


dz(f) 


dr 


a(f)0(fo) 


[t" - a(7~)0(fo)J 

where z{f) is the embedding function. Integrating 4.20 one cmi obtain the z{f) for 
the slice at t = to. 
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(iii) Q,(t) = sinwt 

The scale factor is the same as the one that arises in the closed FRW cosmology 
which starts with a ‘bang’ and ends with a ‘crunch’ .Instead of the usual spacelike 
sections we have wormhole metrics on J? ® 5^ .The expression for F(t) turns out to 
be 

J^(f) = 2a>®(2cot®a;t + 1) (4.23) 

One can easily check that F{t) has a minimum at wt = | .Hence the constraint 
on the allowed values of bo turns out to be the same as in the previous case i.e 
6 ^ 0 ;^ > I .One can also say that the lifetime of this wormhole universe is ^ -The 
time interval for which this universe can exist without collapsing into a singularity 
is m i < Ktl> . 

(iv) Q,(t) = ^ integral or fractional 

This case is important because the scale factors that arise in the dust-filled or 
radiation dominated FRW cosmologies with fiat spacelike sections are obtained by 
considering special values of the v used above. We shall deal with these special 
ceises later in a separate section. 

For general v the expression for F{t) is given as 

Fit) (4.24) 

Therefore as t ±oo F(t) —>■ 0. The constraint on bo turns out to be dependent 
on t . 

Thus the evolving wormhole with this type of scale factor can exist only for a finite 
interval of time ( similar to the previously discussed cases ). The lower bound on 6 o 
is decided by the maximum time t upto which we wish the wormhole to exist with 
the matter threading the geometry satisfying the WEC. Beyond this time the mattm- 
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will violate the WEC. As we shall see later this condition sets the most stringent 
restriction on the size of the wormhole. 

We now move on to a special class of scale factors which exhibit flashes of WEC 
violation. This essentially means that the matter threading the wormhole violates 
the Energy Conditions only for small intervals of time and is normal at all other 
times. Whether such matter is physically possible is as yet unknown. However 
, the intervals during which the WEC is violated can be chosen to be very small 
(this obviously leads to a constraint on the throat radius). We shall deal with two 
representative examples. Many more can constructed without much of a problem. 

(a) fi(t) = sinwf + a a > 1 

This scale factor reminds us of the ‘bounce’ type solutions in cosmology which 
were constructed in order to avoid the big-bang singularity. For a nonstatic worm- 
hole with the scale factor chosen as above the function F(t) turns out to be : 


F{t) =2u;^ 


2 — sin^wt + osina/t 


(4.26) 


(smut + ay j 

This function is plotted in Fig 4.1. 

Note that F(t) goes to zero in the vicinity of u)t = 37r/2 , stays negative for a 
while and then subsequently becomes positive again.This happens once in every 
period , i.e at ut values given by (2n -|- l)7r/2.Thus the WEC will be violated during 
those intervals of time.The time domain over which the WEC is violated is ,as 
mentioned before , related to the throat radius parameter of the wormhole. One 
chooses this interval in the following way. Assume a minimum , positive and finite 
value of F(t) ,say Fo-In the neighborhood of the point where F{i) is zero , this 
value occurs at points say tx>to — 8 and d" ^Tf the shape function is assumed as 
constant (fe(r) = bo) then the relation between the throat radius parameter and the 
minimum value of F(i) turns out to be : 


(4.27) 
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Hence tUe interval during which the WEC is violated is 26 . The smaller this til 
interval the larger the minimum allowed value of bo- 

(b) = b>a>0 

In this case also the scale factor is such that the geometry is never sing 
lar. Asymptotically it becomes a static wormhole.The function F{t) turns out 
be 


^ - g^) 

^ + 62)(t2 4- a2)2 


(4.21 


This ftmetion is shown plotted in Fig 4.2. At t = ±aJy/Z F{t) = O.For -n/y/3 • 
t < a/ Vs F(t) is negative. One can cairy out an analysis similar to the one for (a) 
the only difference being that WEC violation occurs here only in the ueighborhooi 
of the interval mentioned above and at ±oo. 

Further examples can be constructed by choosing other forms of Tw( 

worth mentioning follow from constraints on the matter stress energy for an ovolvini 
wormhole geometry. For the perfect fluid with p = f we end up with the scal<; factoi 
of a closed FRW universe while for traceless matter in general i.e matter obeying 
only —p + r + 2p = 0 we get a linear fl(t) i.e Q,(t) == at + b. 


4.3 A Wormhole in a Flat FRW universe 

A probable realisation of an evolving wormhole could be obtained by thinking of 
it as part of an asymptotically FRW universe i.e. by imagining the asymptotically 
flat parts of an evolving wormhole geometry as constituting a flat FRW spacetime 
.Mathematically one therefore chooses a metric which represents an evolving worm- 
hole with the scale factor identical to either the matter or the radiation dominated 
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FRW model. Thus 




+ r^dal 


I - ’dd 


(4.29) 


where we have changed our time coordinate from the coiifoimal time us( d in 
the earlier discussions to real time. The exponent n takes on the values j 3 
in accordance with the ra.(liatiou <uid iiuittev doniinat<'(l (•iis<'.s of the flat PRW 
universe.The Einstein equations lead to the following expressions for the matter 
density and the pressures. 

b' 


p{r.,T) = 
pi(r,r) = 

P2(r,T) = 


( 'r)2"r2 
6 




2r3( r)2’^ 

The WEC inequality p + pi >0 reduces to the following ; 


3n2 

CT-^ 

(4.30) 

n(3n — 2) 

(ct)2 

(4.31) 

u(3n — 2) 

(cr)2 

(4.32) 


b'r - b 


• + 


2n 


> 0 


(4.33) 


j.3( {ct)'^ 

As expected all the essential properties of the matter stress energy of the flat 
FRW model follow from the expressions for p, pi and p2- As r — ► 00 , only the r 
dependent terms survive, and we get p = ppnw = 5^, Pi = Pa = 0 for dust and 
3 = Pi = Pa = 4(^ for pure radiation. 

Secondly , the pressures become increasingly disparate as we approach the throat 
(Pa-Pi = ^ 0).Prom the geometrical viewpoint this is because the curvaturi' 

s in the d<j> directions is different from that in the t' directiou.Thus, inside the 
wormhole, matter is subject to anisotropic stresses and to remain in equlibrium it 
must respond by generating anisotropic strains. 

Lastly let us look at the WEC couditou mentioned caz'licr.For concreteness luid 
simplicity we choose 6(r) = Bq. Prom the WEC inequality p+pj ^ 0 we arrive, at the 
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condition bgR^r) > ^^.This quite simply leads to the statement that the throat 
radius baR^r) at time r must exceed the horiisou size or (upto a constant factor 
given by \J\/2n which is of 0(1), being exactly equal to 1 and ^ for pure radiation 
and dust respectively). Now for an FRW evolution the horizon always moves faster 
that the scale R{t) and hence eventually overtakes boR^r), causing WEC violation 
to begin at the throat and slowly spread outward.Furthermore, since wormholes 
presumably arise tlnough quantum gravitational processes, they can reasonably be 
assumed to form in the Planckian era, with a radius , which is typically of Planck 
size at Planck time. If their subsequent evolution is FRW-like ,WEC violation 
occurs within a few Planck times. To avoid this ,the wormhole must inflate to a size 
much larger than the horizon.This is precisely what happens in the early universe 
(inflationary epoch). However, as we have shown earlier an inflationary scale factor 
leads to WEC violation at all times. 


4.4 Concluding Remarks 

We have shown in this chapter that wormholes with normal matter are a realistic 
possibility even in the domain of classical GR. The existence of these geometries for 
a finite interval of time with matter satisfying the WEC seems a httle disturbing al- 
though it is definitely better than the situation for static geometries. Consequences 
of the presence of sucli an evolving wormhole in the flat FRW model have been 
outlined in brief. 

We have not dealt with the question of human traversability in the context of 
these evolving geometries. Such an analysis, is however, not too diffi cult. One 
has to replace the static observer’s frame in the case of a static wormhole with 
the comoving frame for the evolving geometry. Then one carries out a simple 
Lorentz transformation to go into the frame of the traveller. The Riemann tensor 
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components are obtained in this traveller’s frame and they lead to the tidal force 
constraints. A similar analysis also holds for the acceleration constraint. The major 
difference is that all constraints depend on time and one has to find by extremization 
the time at which the incqualitic.s yield the most stringent <'onditiou. After thi.s 
extremization with respect to time one has to extremize w.r.t r to obtain the final 
condition which when satisfied would maJee the wormhole traversable. 

Since evolving wormholes are nonstatic , the study of quantum field theory 
in these backgrounds may result in particle creation. The relevant calc.tilation 
would be fruitful to pursue. It requires, however, the exact solutions of the .scahu’ 
wave/Maxwell or Dirac equations which at first sight may be rather difficult to ob- 
tain. Numerical analyses can nevertheless be done to provide hints into the utunber 
density and distributions of the created particles. 



Chapter 5 


Scalar Waves in Wormhole 
Geometries 

We now turn towards the propagation of massless scalar waves in a one parameter 
family of wormholes. A number of papers have been written on various aspects 
of wormholes and some of these have been mentioned and discussed in the vari- 
ous preceding Chapters of this thesis. However, questions related to geodesics and 
to scalar, spin-half, electromagnetic and gravitational perturbations seem to hav('. 
attracted very little attention. The few existing pieces of work along these lines 
include the investigations of Priednian et.al [15] and Priedinan and Morris [1C] on 
the Cauchy problem for the scalar wave equation in wormhole-based spacetimes 
with CTLs. Our focus here, is however, somewhat different. We consider scalar- 
wave propagation through static wormholes without CTLs. To this end, we first de- 
fine a one-parameter family of wormholes which are essentially generalizations of 
the geometry discussed extensively by Ellis [31](see also Box 2 in [14]).A certain 
parameter n > 2(n even) defines this family (for a detailed analysis of these ge- 
ometries see Section 3.1). The scalar wave equation (massless) is written down and 
separated. It turns o\it that the radial equation for the coordinate I for n = 2 is a 
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Modified Mathieu equation in 2+1 dimensions. In 3+1 dimensions tlie I equation 
is the radial equation that appears when the Helmholtz equation is separated in 
oblate spheroidal coordinates. Both equations can be solved exactly. We discuss 
their solutions and use them to understand the scattering of scalar waves through 
the wormhole. The reflection and transmission coefRcients for rz = 2 are evaluated 
analytically for certain specific values of the energy of the scalar wave. For ii > 2 
exact solutions of the corresponding radial equations are not available and wc'. adopt 
numerical methods to obtain and [Tp. 

For the sake of convenience we recall from Sec. 3.1 the metrics to he used as 
backgrounds for our investigations here .These axe*- 

ds^ = + (6^ + (2 + \)dimensions (5*1) 

ds^ = —dt^ + dl^ + (6” + r)'^[d6^ + sin^ 6d(f)^] (3 + l)dimeu5Z07zs (5.2) 

In the above I +oo and / —> — oo corresj^ond to the upper and lower asymp- 
totically flat regions. / = 0 is the throat region.lt has be shown that the inattex 
required to have such a geometry violates the WEC . 

5.1 Massless Scalar Wave Equation, Separation Of 

Variables , Equivalent One Dimensional Prob- 
lems 

The massless scalar wave eejuatiou is given by 

= 0 ( 5 . 3 ) 

where denotes the covariant derivative. We shall discuss the 2+1 and 3+1 
dimensional cases separately. 
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2+1 Dimensions 

Using standard methods of separation of variables we find that the equations for 
the t, I and 6 coordinates reduce to the following. We assume 


^t,i,d) = T{t)Lii)©{e) 


(5.4) 


Then, 


<pe 

de^ 

(PT 

dt^ 


+ m^e = 0 
+ u^T = 0 


( 5 - 5 ) 

(5.6) 


(6S + - m'^]L = 0 (5.7) 

The first two of these equations are simple. The third equation can be reduced 
to the following alternative forms. If we define a fmiction g[l) such that 


L(l) = 


S(0 


(68 + 


(5.8) 


then Eq 5.7 reduces to 


where 


^ - K(;)) = 0 


^ 2(n - 1)6;;-^ - 




(5.9) 


(5,10) 


■ 4(65 + '”)'“ ' ( 68 + !")’'" 

This is the eqmvalent one dimensional Schro dinger-type equation with the role 
of energy being played by and the potential function being given by Eq.5.10 
. The allowed values of m are discrete in order that 0(^) be single- valued. The 
effective potential is plotted for n = 2 in Fig’ 5.1 and for other values of n and 
m in Fig 5.2 and 5.3. These are generically barrier type potentials asymptotically 


i 
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going to zero. For n increasing with m fixed the barrier becomes progressively flat 
at the top. However at I = ±bo there appear spikes which increase in height with 
increasing n.We recall from Chapter 3 that as n increases the geometry becomes 
more and more Hke a uniform tunnel which suddenly opens out into flat space in 
the vicinity of I = ±6o.This sharp change in the embedding features at / = ±6o is 
the root cause of the spikes in the potentials. On the other hand, if n is fixed and 
m varies the barrier height changes-this is clear from the functional form of the 
potential 

The n — 2 case is rather special. If one uses the transformation 


l = boSmh^ ( 5 . 11 ) 

one can reduce Eq 5.7 to the following equation 


(f 


(a-2qcosh.2()L{() ~0 (5.12) 

where a = ^ and q = The equation in 5.12 is known as the Modified 

Mathieu equation with parameters satisfying a + 2q = m'^ . 


3+1 Dimensions 

In 3+1 Dimensions one can similarly get 


(5.13) 


$(<, I, e, 4 >) = T{i)L{l)Q{9)P{<j>) 

The correeponding equations for r((), £(/), e(«) and P(^) turn out to be the fol- 
lowing 


(K +n~~+ + n --'~ + + /-)i _ p(p + 


2rr, 

df2 + r - 0, 


0 


(5.14) 

(5.15) 
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Figure 5.1: Effective Potential for n = 2(2 + 1) case with m = 1, 2, 3 for the tliree 
curves with succesively increasing values of the barrier at / = 0 
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1 d . ^ „ 


<PP 

d(t>^ 


+ rri^P = 0 


(5.1G) 

(5.17) 


The solutions to the angular equations comprise the spherical harmonics. As in 
the 2+1 dimensional case the radial (1) equation can also be reduced to an equivalent 
Schrodinger type equation of the form 


where 


and 


(fF 

_ + [^2 _ ^ y 

(5.1S) 

_ (n - l)b^F-^ 1) 

(bd + l^y + 

(5.19) 

. 

(6(f + ^)5^ 

(5.20) 


The n 2 case, as before, is special. Indeed, by introducing ^ we can writ(! 
5.15 in the form 


d?L dL 

~ + 1 ))^ = 0 ( 5 . 21 ) 

The Helmholtz equation (V^ + = 0 when separated in oblate spheroidal 

coordinates (see Appendix I ) yields a radial equation of the form 




dV„ 


(1 + e^)^ + 2^^ + [-A.„ + = 0 (5.22) 

For rn = 0 this equation is exactly the sanui as Eq 5.15 with the identilicalions 


Kn=^p{p-\-l)~,^X ,k^=uj^l ( 5 . 23 ) 

Therefore A^n + k^ = p{p + 1) is a constraint on the allowed values of Ao„ whicli 
are essentially functions of P. 
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Figure 5.4: Effective Potential for n = 2(3 + 1 case) with p - 0, 1, 2 for the thief 
curves with succesively increasing values of the barrier at / = 0 
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Tlie potential functions for the 3 4-1 cliuicnsional cases arc plotted in Fig 5.4 
{n = 2) and Fig 5.5, 5.6 (n > 2). For all n these arc bai'riei-tyjje poteiitial.s with 
the barrier situated at 1 = 0. We have, therefore, reduced the study of scalar waves 
to a one dimensional scattering problem in traditional quanttun mechanics. The' 
reflection and transmission coeflicients across th(i hairier can now be evalua,t('d . 
However, before undertalcing this evaluation it is essential to understand certain 
important characteristic features of the functions occurring in the exact solution.s 
for the n = 2 cases. These are dealt with in the subsequent section. 

5.2 The Exact Solutions in 2-j-l and 3-f“l Dimen- 
sions n=2 


The full solution of the wave equation in 2+1 dimensions will 
be as follows (see Appendix I). 






V 


■4 

C Ms<">2n,2»+I + D Afsl^>2i.,2»+1 


(5.24) 


where Af cSi?, 2 n+i and constitute a fundamental system for the 1 coordi- 
nate equations with clraracteristic values form 

the ssecond fundamental system with characteristic values 62„,62„+,. The known 
solutions of the Modified Mathieu equation are essentially of two types - of integral 
order and of fractional order. In the above we have written down the solutions for 
integral order only. Thus we have restricted ourselves to values of (a, 5) that lie 01. 
the characteristic hues. These values corespond to the points of intersection of the 
characteristic curves and the straight lines a+ 2 , = Other values of (a. 5) whicli 
he on the lines o -t- 2? = but fall in the regions between the a, and i,.+, c.u-viw 
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give rise to the Modified Matliieu ftxnctions of fractional order. It is worthwhile 
to note that for m = 0 there are known solutions for positive values of q. The 
diagram shown in Fig I.l illustrates the facts discussed above. Additional details 
about the Modified Mathieu functions can be found in Appendix I. It is necessary to 
realise that all information regarding the reflection and transmission of scalar waves 
can be obtained by properly analysing the solutions of thje /-coordinate differential 
equation. The asymptotic forms of the various sohitions are essential ingredients 
for understanding scattering phenomena. We discuss below the asymptotic forms 
of and as I 4-cio and I — oo in some amount of detail. We shall 

work exclusively with the solutions corresponding to the characteristic values Ojn, 
i.e. with Mc^n only. The analyses for the other cases is very similar and 

will therefore be omitted. Using the Bessel function series representations for the 

functions and we first analyze the limit I —>■ oo(^ — ^ oo). The series for 

Mc 2 n is valid for all ^(-oo < ^ < oo) whereas for ii^ i® °“iy C > 0. 

Moreover, Mc^ 2 n is an even function whereas is neither even nor odd.Their 

asymptotic forms are as follows: 

(a) For ^ > co(/ — > oo) 


OO 1 1/2 

(b) For ^ -4 —oo{l —» — oo) 


cos(2y'g cosh^ — 7r/4) 

(5.25) 

sin( 2-^/5 cosh ^ - 7r/4) 

(5.26) 



5)l-‘ f:(-ir<(g)( ^ cos(2V? - w/i) 

(6.27) 
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fio I 

[— sin(2-v/g cosh ^ — 7r/4) — 2/e, 2 n cos(2-y/g cosh — 7r/4] (5.28) 

where is the ordinary Mathieu function evaluated at ^ = 0 and 

fc, 2 n = -Mc^ 2 n{o, q)/Mc^i!{o, q) (5.29) 

/e, 2 n are known as the joining factors and are tabulated in [79] and [80]. In obtaining 
Eq. 5 28, we have used the analytical extension of Mci^} to (^ < 0 (see Appendix I 
for details). 

A remark about the allowed values of (ct^q) or is in order now. We not(' 
that solutions to the / equations are possible only for certain ranges (bauds) of 
energies of the scalar wave The edges of the bands lie on the characteristic c:urv(\s 
and therefore correspond to integral order solutions. The region witliin the ctirves 
ai and lying on a + 2g = but excluding the end points corresponds to 
fractional order Modified Mathieu functions Ce2n+0, Se^n+i 3 which can coexist for 
identical a values a 2 n+p- However, while discussing the scattering of scalar wav(!s wo 
shall consider only those values of the energy wliich lie on the characteristic linos. 
In other words, we deal with only the integral order Modified Mathieu functions. 

In 3+1 dimensions the situation is quite similar. The full solution to the scalar 
wave equation is now of the form 




t^'"X„{6,4) 



n even 
n odd 


(5.30) 


We have written both sets of solutions (i.e for n odd and n even) using the 
same symbols F«), Vff. It should be noted, however, that the frmctional series 
representations for n odd and n even are not entirely identical. 
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111 this case also we have a constraint on the allowed values of Ao,, (this is the 
condition Aon = + p{p + 1)). Therefore, we have to draw the lines Aon = 

—k'^ +p{p+ 1) on the Aon ~ plot for the characteristic curves (Fig 12). Each value 
of p gives a certain straight line which cuts the n = 0, 1, .. curves at specific points. 
These points denote the specific values of at which we have the solutions 
and VW. 


The a.syinptotic forms for and can be written down from ref [81]. These 
are as follows. For ^ -+ — oo we use the fact that is neither even nor odd and 
define joining factors by which we mialytically extend the solutions to the ^ < 0 
region. 

The asymptotic forms for ^ -f-oo 



Qno . 1 * 

— sinfc{ 

H 

n even 

(5.31) 

vS>(f) ■ 

*5'no 1 * 

n odd 

(5.32) 

v£>(() - ■ 


n even 

(6.33) 

vM) 


n odd 

(5.34) 


while those for ^ —oo are 




(5.35) 



(5.36) 


— > — cos — 2/iein^ sin n even 

(5.37) 

K£’(f) 

sin k( — 2zCe,„^ cos k^ n odd 

(5.38) 

► 

, v;!J>(o) ^ K?)(o) 

c.<j'(o)’ v,<;'(o) 

(5.39) 


where 



84 


and qno are constants the exact forms of which are irrelevant for our purpose. 

We now have all the essential matei'ial to analytically study the scattering jn'o!)- 
lem in both 2 + 1 and 3 + 1 dimensions for n = 2. It will be shown that the rehectiou 
and transmission coefficients depend on the ‘joining factors’. In 3 + 1 dimeusion.s, w(' 
are unaware of the existence of fractional order solutions, stability zones and associ- 
ated characteristics similar to the 2+1 dimensional case. Furthermore, the ‘joining 
factors’ for 3 + 1 dimensions are not tabulated as they are for 2 + 1 dimensions. 


5.3 Scattering , Reflection and Transmission Co- 
efficients for the n=2 Case 

In order to deal with the scattering of scalar waves it is necessary to go Inick to 
the equivalent one dimensional Schrodinger equations derived from the original I 
coordinate equation . The relationship between the functions L{1) and g{l) has 
been stated earlier. The solution L{() can be written in terms of using the 

inverse relationship ( = sinh“^(//6o). The two linearly independent solutions to the 
Sclirodinger equations are therefore given as 

= [hi + q) (5.40) 

where ( taker the values 1 and 2. In the previous section we lad rUscuasod the 

asymptotic forms of The corresponding asymptotic forms for e«)(;) i,,™ ,„.t 

to be: 

I — > +00 


^(0 A\ cos(a;/ — 7r/4) 

TTCd ^ ' 

~ ^ sin(w/ - 7r/4) 


(5.41) 


(5.42) 



85 


I — oo 

0 1/2 

s'’>(0 = — Ai cos(u;/ — 7r/4) (5.43) 

TTU 

0 1/2 

= — Ai[- sin(wZ - 7r/4) - 2fe,2n cos{ojl - tt/A)] (5.44) 

TTW 

where 

OO 

.4, = lce,„(0,5)l-(-l)”E4S (5-45) 

fc=:0 

Now, as / — >■ oo we want only a right-moving transmitted wave. The linear 
coinhiuation of interest is thendoio given by 

[jl'HO + iS<’'(0] = (5.46) 

where we now have set 

i. = .4, (—)■'= (5.47) 

iru 

A,t Jf — )• -oo we have an incident wave and a reflected wave. Thus, 

+ (1 - i/.,,„)«"'‘e“'l (5.48) 

Hence the reflection and transmission coefficients are given by 

2’ = rzT— 

l“^/c,2n ^ V e,2n 

It is easy to see from Eq. 5.49 that 

I |2 + I T p= 1 (5-50) 

A similar analysis can be done for the *^ 111 ^ ) 

functions. Thus for certain specific values of the energy (obtained from points 
common to the characteristic curves and the lines a -b 2? = we have the R and 
T given by Eq. 5.49 . Using the tables given in [79] and [80] we can now evaluate 
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i 



m 

-^771 

/r.D fo,r 

i^r 

1 

2.25 (ao) 

.2867 

.9241 

2 

4.25 (ai) 

.9280 

.1753 


18.5 (ao,l>i) 

.0025 

.9999 

3 

7.75 ( 0 . 2 ) 

2.099 

.1850 


11.25 ( 62 ) 

.3610 

.8847 


13.25 (ai) 

.1666 

.9730 

4 

12.00 (03) 1 

5.801 

.0290 


13.75 (ba) 

2.806 

.0994 


18.00 ( 02 ) 

.5272 

.7866 


33.75 ( 01 , 62 ) 

.0059 

.9999 

5 

16.75 ( 04 ) 

21.48 

.9989 


17.00 ( 64 ) 

18.76 

.0022 


25.00 ( 03 ) 

1.105 

1 

.4505 


33.00 ( 63 ) 

.1129 ' 

.9874 


34.25 ( 02 ) 

.0835 

.9931 


Table 5.1; Table of analytical values for \T\^ for different rn and 


the R and T for those values explicitly. A short table of values is given in Table 
5 . 1 . The values of | | there suggest that both ‘near perfect’ reflection as well as 

transmission axe possible. 


In 3+1 dimensions the solution of the scattering problem is similar, Wc shall 
only be dealing with the case for which ‘n' is even. The relationship betwc<'.u X-(0 
and F(C) is given in 5.20 . The asymptotic forms for and as ^ ±oo 

are given below. 


( 5 . 51 ) 

( 5 . 52 ) 

The linear combination at ^ ► c>o which give iis a pnrcly right moving trtuiHniittecl 

wave is Indeed 


k. ' 
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lim,_„(F<'>«) + (5.33) 

where ?„o axe constants given in [81]. 

As in the 2+1 dimensional case, for ^ —¥ — oo we will have the joining factors 
coming into the picture. Therefore, 

The reflection and transmission coefficients turn out to be 

1 “ ihe,n 1 - iK,n 

Once again it is clear from 5.58 that [ JS |* + | T p= 1. 

5.4 Reflection and Transmission For the n > 2 
Cases 

For n = 2 we have seen that at least for certain values of w* there exist exact solu- 
tions with the help of which one can evaluate the reflection and transmission coef- 
ficients. Unfortunately analytical solutions are not available for the n > 2 cases. We 
therefore use numerical methods to study reflection and transmission in the n > 2 
cases.The analytical results for the n = 2 case serve as checks on the correctness of 
the method. Appendix II details the method briefly. 

The most striking feature of the transmittivity for n > 2 is a series of resonances 
which become progressively weak as we increase the energy to higher and higher 
values. The positions of the resonances depend on the value of (in 2 + 1 dimen- 
sions) and p{p + 1) (in 3 + 1 dimensions). For a fixed m or p one notices that the 


(5.54) 

(5.55) 
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resonances become more and more prominent with increasing n. Since n chciracter- 
izes the geometry we can say that the resonances are signatures of wormhole-like 
features. The more the wormhole resembles an uniform tunnel which rapidly opens 
out into flat space , the lEirger is the depth of the resonance. It should also be men- 
tioned that with increasing m ox p but with n fixed the resonances become more 
and more prominent. This'feature is related to the increase in the barrier height with 
increasing m or p.AU of these features are best captured in terms of the transmit- 
tivity plots. Figs 5. 7, 6.8 and Figs '5..Qr5.10are the plots for [T|* versus for the 
various cases mentioned above-i.e n constant, m varying;n varying, m constant; 7 i 
constantjp varying;n varying, p constant respectively. 


5.5 Concluding Remarks 

(i) The primary motivation of this Chapter has been to use scalar waves as a method ' 
of studying the properties of wormholes. To this end we have solved exactly the 
massless Klein-Gordon equation in one specific wormhole background(the rt = 2 
case) both in 2 -fl and 3 + 1 dimensions. The plots of the effective potentials 
' arising out of the radial equations reveal that these are barrier type potentials. 
Hence we have been able to study analytically the reflection and transmission of 
incident circular and spherical waves. In 2+1 dimensions, the solutions of the 
Modified Mathieu equation have enabled us to evaluate the reflection coefiSdent for 
specific values of the quantity c.6,. In fact, we have also seen that unless Hes 
within certain ranges and satisfies a + 25 = we are unable to write down explicit 
solutions. For these specific range of values of ub, the scattering of scalar waves 
can be understood using known solutions to the wave equation (which arc finite 
at infinity). The values of | T |= given in Table 5.1 confirms the physically obvious ' 
fact that for higher values of .(6. fixed) the transmission exceeds reflection. The 
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opposite happens for lower values of w. For uK outside the regions between a,- and 
bi+i, explicit solutions are not known and we are unable to analyse the problem. A 
similar situation also exists in 3 + 1 dimensions. 

It is important to note the differences between our analysis and the one du(> 
to Clement [32]. Clement’s basic motivation was to demonstrate the fact that 
the wormhole’s mouth is a ‘particle-like’ object. In order to do that, he used the. 
scattering of scalar and electromagnetic waves as probes. By analyzing the ‘phase- 
shifts’ due to the scattering of incident plane waves he arrived at certain interesting 
conclusions supporting the conjecture that wormholes are in fact like ‘particles’. 
His work is important in the context of the Wheeler- Misner concept of visualizing 
classical physics as manifest in just the geometry of spacetime. The context in 
which wormholes are discussed in recent times are however somewhat different. 

(ii) Prom a purely geometrical viewpoint wormholes are characterized by their 
shapes in embedding space. These shapes are given by the cross sectional uniformity 
of the neck in the neighbourhood of the throat, (i.e., for I < b^) and also by the 
rapidity with which the necks eventually turn into flat space. A one parameter 
generalisation of the standard Ellis geometry(outlined in Chapter 3)has been used 
to define a class of shapes in embedding space. 

It is intuitive that such shapes would lead to interesting effects in the scattering 
of waves, provided the wavelength is comparable to the throat size. We have found 
that different shapes translate into specific ID potentials for the radial propaga- 
tion of waves through the necks. The more uniform the neck, the more uniform 
(i.e., flatter) the associated potential barrier. A rapid transition of the neck into 
flat space leads to a spike in the potential, and hence to the possibility of bound 
states/standing waves. The more rapid the transition the faster the drop in the 
potential, and the sharper the accompanying spike. Far away from the neck the 
propagation is of course free and the potentials fall off to zero. 
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With potentials of this sort, elementary quantum mechanics tell us that the 
transmission coefficient will exhibit a series of resonances which become less and 
less prominent as the energy of the wave increases. Angular momentum contributes 
a ccntiifugal term to the effective potential which is alwa.y.s K'pul.sive and h('uc(' 
pushes up the height of the barrier. We have explicitly shown that such resonances 
exist for the class of representative potentials. 

As for what all this means for actual wormholes, it is premature to have strong 
prejudices about the size and shape of these hypothesized objects. Howcvct, tlu' 
above discussion indicates that for wormholes with throat-sizes iir the km rmig(i, 
radio-waves coming through would display resonances. The position of these r(\so- 
nances, in what would appear to us as the emission spectra of the objects, would 
give an indication of throat size, whereas the depth would give an idea of its shape. 

For wormholes much larger (i.e. for bg/X —* oo) rcsonmiccs in the emission 
spectra will be loss ])rominent and will hence give loss information. Howevi^r, in this 
case the wormhole would represent a large region with a non-trivial gravitational 
field, which is likely to produce lensing and other effects. These could ludp in 
identifying these objects. 


(iii) One can also visualize the reflection and transmission of scalar waves in the 
following alternative way. The wormhole has two asymptotic regions (/ -+ oo, 1 -f 
-oc). Suppose we have an observer in the I -oo region. He sees a certain 
wave being sent in through the tlrroat. As ho is totally unaware of the existence of 
another asymptotic rogiou he can tUnk that the incident wave is in a sense partially 
‘absorbed’ and partially reflected. In fact, he can, in principle, use his iutollectual 
abrlrtres to predict that he is in a wormhole geometry and not just in flat space. 
The existence of a ‘tunnel’ to the ‘other universe’ is a prinrary cause of certain 
characteristic properties of the reflection and transmission of scalar waves. 

(iv) The obvious question that one can ask is ‘What happens if we send in 
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a massive scalar wave?’ The answer to this is almost trivial. If one replaces uP' 
by uP + rxP = one can repeat the analysis given for the massless case without 
any further modifications. The parameter a g will have their values in terms of 
oj'^. Hence the possible values of ubg will change when viewed relative to the 
massless case. In 3+1 dimensions a similar situation arises. The complete study 
of ‘perturbation’ of a wormhole geometry would actually require understanding the 
‘reflection’ and ‘transmission’ of ‘electromagnetic waves’ as well as ‘spin-half’ waves 
(The Dirac Equations) as weU as the problem of general gravitational perturbations. 

(v) Finally, we mention the following analogy. The fact that the geometry for 
the n = 2 case has a ‘catenoidal’ spacelike section when embedded in implies 
that it is a ‘minimal surface’ (a surface of zero mean curvature). Such surfaces occur" 
when one studies soap films formed between riirgs. Thus, our study of scalar waves 
is in principle a study of the vibrational modes of the soap film modulo the fact that 
appropriate boundary conditions have to be employed for the latter. Using exactly 
the same analysis ( for the 2 + 1 case) one can actually comment on the stabihty of 
such films. 



Chapter 6 

Lorentzian Wormholes in Higher 
Dimensional and Higher Order 
Theories 


The results in the earlier chapters are primarily on four dimensional geometrioa. Moreover 
, it has been assumed that GR is the theory that explains gravity. The worrisome 
feature of the matter that threads a wormhole has led people to investigate the 
status of the WEC as well as the specific cliaracteristics of wormhole geometries 
in alternative, theories of gravity. Hochixug [35],Ghornku and Soma [38] have dis- 
cussed such solutions in the context of 7?. -f 'R? theories in four-dimensions. Moffat 
[36] has recently shown that the violation of WEC persists in his nou-symmetrie. 
theory of gravitation. 

In this Chapter, we first discuss static Lorentzian wormholes in the Einstein- 
Gauss-Bonnet (EGB) theory of gravity. The action for this theory consists of the; 
usual Einstein-Hilbert term plus the Gauss-Bomiet(GB) combination. In fotir- 
dimeiisions the EGB theory reduces to general relativity . This is because th(^ 

GB combination reduces to a pure divergence in four-dimensions by virtue of the 
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Bach identity. Spherically symmetric black hole and cosmological solutions of the 
field equations of EGB theory have been discussed in detail by various authors 
[89,90]. Higher dimensional Euclidean wormholes in this theory have been studied 
by Gonsalez-Diaz [96], and Jianjun and Sicong [95]. Our focus here is on Lorentzian 
wormholes. We shall use dimensionally extended versions of the metric ansatz and 
the stress-energy tensor used by Morris and Thorne [14]. The presence of extra 
dimensions as well as the GB combination leads to the existence of a wide class 
of solutions. The WEC is violated at least at the throat except for the case in 
which the coupling coefficient for the GB combination is negative and satisfies a 
certain inequality containing the wormhole shape function. Unfortunately, even in 
this case the normalcy of matter persists only upto a certain point beyond which 
WEC violation sets in. 

Since evolving wormholes have been found to have desirable features in foui 
dimensions, it is of interest to discviss their properties in the context of EGB theory 
and D > 4 GR as well. In the first part of the second section we discuss the 
case without extra compact dimensions. The second part contains a model with 
extra, contracting , compact dimensions present in an otherwise inflating wormhole 
geometry. 


6.1 The Field Equations for EGB Theory 

The action integral for EGB theory is given as 

I = J d^X^/^[K7Z -f + ^matter (6-1) 

where D is the dimensionality of spacetime and k > 0. Henceforth, we choose to 
work in units c = « = l.The field equations which follow from such an action are 
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t 

II 

I 

^1 

tl 


given as 


T = 


K 


n 


iiu 2^^^^ 


a 


- 4KrfK“'> + n‘) 


— 27?.72.^t/ + A'Ti'ii,c/Rf‘ 1/ "I" 4:‘lZ-ap'R- ff 27?.^,cv/?7^w ^ 


( 6 . 2 ) 


The a which appears above as the coupling coefficient of the GB combination is 
positive as long as we consider EGB theory as the low frequency limit of superstring 
theory [92,93,94] . It is important to note that if EGB theory is assumed as a theory 
in its own right (it is in fact the first order correction to general relativity as pointed 
out by Lovelock[88]) there is no restriction on the sign of oc. Wc shall take fv with 
values in various ranges and derive the consequences. A similar .stand regarding fv 
has been taJken by Wiltshire [90] and Wheeler [89] while discussing the spherically 
symmetric and cosmological solutions of EGB theory. 

Our metric ansatz is that of Morris and Thorne , except that the 2-sphere is 
replaced by a (D — 2)-sphere. It is given as 


(0.3) 

r 

Here $(r) and h{r) are the same as mentioned in the earlier chapters. diX\)_2 is the. 
metric on the surface of a (£> — 2)-sphere. 

We can write Eq 6.3 in the proper orthonormal basis as 


D~\ 


ds^ = -e'* ® e° H- ® -j- ^ e‘ 0 e* 


i=2 


where the basis 1-forms are 


e' = 


e° = e^dt 
dr 




= rdS-i 


e’ = r siu 5, ■ ■ ■ shi ddf 


(6.4) 


(6.5) 

( 0 . 6 ) 

(0.7) 

( 0 . 8 ) 
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= r sin ^2 • • • sin ^£)_2 (6.9) 

In our notation, there is no The angular coordinates are denoted by 0,, where 

i = 2, 3, . . . , D - 1. 

Using the Cartan equations of structure we can derive the curvature 2-forins ; 


= Me° A (6.10) 

n°i=^Ne°Ae' (6.11) 

Tl\ = Pe^ A e’ (6.12) 

7^’j = Qe‘ A (6.13) 


For any fixed i, j can have values i < j <{D — 1). M, N, P, Q axe 


M = 1 - 




,, , $'( 6 '-- - i) 


2r(r — 6) J 


b 

r r 

P = ±{l,'r - b) 

<3 = i 


(6.14) 

(6.15) 

(6.16) 
(6.17) 


where a prime denotes differentiation with respect to r. Prom these curvature 
2-forms all components of the full Riemaim-Christoffel curvature tensor and hence 
the Ricci tensor and the Ricci scalar can be derived. 

The stress-energy tensor in the static observer's frame is given as 


Too = p(r), Til = r{r), Tij = p(r)Si 


V 


(6.18) 


where i, j = 2, 3, . . . , i? — 1. 

The field equations turn out to be the following 


p(r) = (D-2) [(^^^) Q + P]+ B:Q(.D - 2 ) [ <3 + 


(6.19) 
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T(r) = -(D-2) 


D-Z 


Q+N 


- aQiD - 2 ) 


D-5 


Q + 2N 


(C.20) 


p{r) = -M-{D-3)N-(D-Z)P-^iD-Z){D-4:)Q 

-hn - 5)(I1 - 6)aQ2 - 4(D - 5)mP - 2{D - 5)aPQ 
-2{D-5)aNQ-2aMQ (6.21) 


where a = (D — Z)(D — 4)0;. One can check that for Z? = 4, Eqs.(6.19), (6.20) and 
(6.21) reduce to the Einstein field equations . For o: = 0 and jD > 4 the field equa- 
tions are those for higher-dimensional general relativity. Also, the vacuum solutions 
of the field equations give the standard Boulware-Deser blacic hole sjjacetinu' [91]. 


6.2 The WEC and Some Static Wormhole Solu- 
tions 

6.2.1 Exoticity of matter near the throat 

In four-dimensional general relativity it was shown in [14] that the ‘flaring-out 
condition near the throat of the wormhole led to the fact that po -f- tq <! 0 where Tq 
and po are the values of r and p near the throat which led to WEC violation. Prom 
the field equations for EGB theory we get the following expression for (p -f- r), 


^-l-r = (D-2)[l-f-2aQ][P-iV] (6.22) 

The essential difference between the expression for p -f- r in four-dimensional 
GR and the one for EGB theory is the presence of two extra factors, {D — 2) and 
[1 -f 2dQ]. The former originates from the dimensionality of the spacetime and 
the latter from features specific to the EGB theory. The factor [P - AT] is exactly 
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identical to the expression for p + t in GR. We examine (p + r) neax the throat. 
This leads to 


Po + To — (D — 2) 



IP - 


(6.23) 


Now [P — N]r=b:=ibo < 0 • Thus, for an EGB wormhole, matter near the throat 
is exotic or normal according as the quantity (1 + 2a/bo^) is positive or negative 
respectively . The above-stated conditions can be thought of as constraints on bo 
or a. We prefer to choose a and let this choice determine If o: > 0, the quantity 
(1 + 2a/6o) is always positive and WEC is violated near the throat. Also, the mere 
fact that (1 + 2d://;o) > 0 does not imply any lower bound on bo- For a negative, the 
quantity (1 — 2|d|/6o) can be positive or negative. If it is positive then bo > (2|d|)^/^. 
Otherwise, 6o < Thus, matter can be normal near the throat but, as will 

bo shown b(dow, other constraints forbid the existence of a sohition with normal 


matter everywhere. 

The next obvious question to ask is whether it is possible to obtain solutions 
in EGB theory for which matter is exotic or normal everywhere. One can also 
investigate the possibility of having solutions with exotic or normal matter confined 
to a small region in the vicinity of the throat. In the following subsections these 
situations are discussed. 


6.2.2 Solutions with o' > 0 and p>0,/>-}-T <0 , $ — 0 


Prom expression 6.20 we notice that if a > 0, $ = 0, then r < 0 everywhere. This 
implies that V < bjr everywhere. Eq.6.19, after some rearrangements, reduces to 


p{r) = {D 



+ (P - 2)ab{r 



(6.24) 


X = (P-4)6-f-6V 
Y = (D-7)b + 2b'r 


where 


(6.25) 

(6.26) 
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Thus, p{r) can be greater than zero, if any of the following hold 

(A) x = o, y>o, 

(B) A<0, F>0; |X|<afey/^^ 

{C)Jir>o, r = o, 

(D) A>o, r>o, 

(E) X > 0, Y< 0; X>ab\Y\ /r^ 

An acceptable zero-tidai force wormhole solution in this case thus has to obey 
the condition b' < b/r, the general constraints for having a wormhole and any oik' 
of the above conditions which lead to p > 0. For the cases (A) and (B) a little 
amount of analysis will show that we require D < 1 for p > 0, which is impossible. 
We shall study the remaining three cases below. Our strategy is to begin with the 
validity of the p > 0 condition. Then we examine the proposed solutions for th<i 
other constraints. 


Case(C): In this case F = 0 leads to the dilferential equation 

, ^ {D-7} h 


(6.27) 


The unique wormhole solution is 


b(r) = 


(G.28) 


The solution in D = 5 is ruled out since it does not satisfy ^ < 1 for r > bo 
Cast(D)'. The conditions on X and F give the following inequality 


b' 


{D-'l) b 

2 r 


(6.29) 


In five-dimensions this becomes b' > 6/r, whereas t > p led to h' < b/r. Thus, in 
five-dimensions tins kind of solutions are ruled out. For D > C a large vaiioty of 
solutions are possible. Some examples are: 

Power Jaw solution 
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Logaj'itlijnic solution 

b{r) = ~lnbo ; bo > (6.31) 

Hyperbolic solution 

b{r) = ■ tauhr. (6.32) 

tanh oq 

However, this sohition is valid only for D > 7. For D = 6 it is valid only if 
sinh2r < 4?'. This implies limiting the range of r upto a certain value vq. Conse- 
quently, no solution is possible with exotic matter everywhere. 

Case (IS): The conditions X > 0 and F < 0 implies 

D - 7 b'r 

- (-J-) >y>-(D- 4). (6.33) 

An example of a solution obeying all conditions is 

b(r) = (6.34) 

where rn is always positive and takes values such that 

~ < m < V(jD - 3) (6.35) 

2 

However the inequality between X and Y leads to 

bo > (12a^^)‘'’ (6.36) 

^ 2D — m 

which requires m < 2D, Tliis new constraint on m along with Eq.6.35 restricts D 
sucli that 4 < D < 9, The throat radius 6o is constrained to have a minimum value 
dependent on a, m and D, The presence of both the GB combination as well as 
the extra dinicusious is visible quite clearly here. 


6.2.3 Solutions with ;? > 0,/) + r < 0, $ = 0 and a < 0, 
{l + 2Qa) > 0 
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In this subsection, we look for wormhole solutions with exotic matter every when* 
but with a < 0. The condition t > p near the throat impli('s 


to > (2|a|)''" 


(0,37) 


For general values of r, h{r) should be such that h{r) < r^/(2|cvj). 

Just as in the previous section, the solutions in the present case should also 
satisfy the condition V < b/r and all the four general constraints. Also, to (uisure 
the positivity of p, any one of the following five sets of conditions on X and Y 


should be satisfied. 

(A) X = 0, 

F< 0, 

(B) X < 0, 

F<0; 

(C) X > 0, 

F = 0, 

(D) X > 0, 

F>0; 

(E) X > 0, 

F <0. 

Ca3e(A}: In 

this case, 


Ca3e(A): In this case, it can be shown that the unique wormhole solution has 
the form 


b(r) = 


(6.38) 


Moreover, as stated above, the throat radius bo has a lower limit given by Eq. 
6.37 . 

Case(B): The extra inequality relation between Z and Y along with the con- 
ditions b'r/b < 1 and b/r < 1 lead to the fact that the domain of r is not [bo, oo) 
but [bo, To). Thus, there exists in all cases an upper bound for r. Tliis implies the 
nonexistence of solutions with matter exotic everywhere. 

Cusc(C}. Except for the existence of a lower bound for 4„ , this cose is si.oil . r 

to the case (C) of subsection 6.2,2. The solution is given by Eq.6.28 and is valid for 

D >6. 
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Ca3e(D): This case bears a similarity to the case(D) of 6.2.2. No solution is 
possible for D = 5. All solutions mentioned there for D > Q are applicable here. 
However, there will always be a lower bound on 6o. For every solution we have to 
choose the appropriate lower bound by comparing Eq.6.37 and the extra inequality 
relation between X and Y. For example, in the power law solution Eq. 6.30, we 
have to choose between Eq.6.37 and the inequality 


ha > 


a 


Z? - 5 - 27II./D 


1/2 


(6.39) 


D — 3 — m/D 

Since the R.H.S. of Eq.6.37 is greater than that of Eq.6.39, the former will give 
the lower limit for 6o. 

Case(E): The only difference between this case and (E) of 6.2.2 is that the lower 
li mi t on bo here is determined by Eq.6.37. Due to this reason, the power law solution 
docs not have the extra restriction m < 2D. It is therefore valid for all D > 4. 


6.2.4 Solutions with p -f r > 0 and p > 0 

It is not possible to have wormhole solutions of the EGB field equations with normal 
matter everywhere. To have p + r >0, we need 

MO > («•«) 

This, together with the fact that b/r<l, implies that any solution obtained in 
this case will be valid only upto a certain value of r, i.e., r < (2 | d |) .A way 
out of this may be the Mowing. Consider a solution with normal matter extended 
from the tliroat radius upto a certain radius so that to (2 | d |) . At 

r = fc join the solution to the vacuum Boulware-Deser spacetime across a surface 
layer. However, tliis requires an extension of the Junction-Condition foimalism of 
GR to EGB theory. 


j£>®r 
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6.2.5 Solutions with exotic matter limited to the throat 

We can also have solutions with /5H-r<0, Q!>0 such that the exotic matter is 
limited to the throat region. Following [14], we assume -)- A?’, wluu'o A?' 

is the region of extension of exotic matter near the throat. To get a significant 
flaring-out(of about 45 degrees) from the throat, we need to have dzfdr at r = j’„ 
is very near to 1, where z{r) describes the t = constant, Q — -Kj'l section of the 
wormhole spacetime embedded in B?. This leads to b' < 0, once At* <C 6o. It i.s 
not possible to have p > 0, F < 0 and Ar <C 2>o simultaneously in four-dimensional 
GR. Let us consider the corresponding situation in EGB theoiy for the case A' > 0, 
K > 0 and a > 0. We require 

I 6' I r 1 

< 2 (^- 7 ) (6.41) 

to have p > 0, with b' < 0. Combining this with 

^(1+ (^'0 = 1 (6.42) 


we get 


Thus, for B > 7. Ar/i„ < 1 is not a contradiction. For higher dimemions, 
we see that ^ becomes progressively smaller. The eventuaUty mentioned above is 
possible not only in EGB theory but aJso in B-dimensional GR, where we have 


(6.44) 
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6.3 Evolving Wormholes 

6.3.1 jD > 4 GR and EGB Theory(Without Compact Di- 
mensions) 

In jD > 4 GR the consequence of adding an extra time-dependent conformal factor 
Q^(t) in the metric given in Eq 6.3 is not too dramatic. The WEC inequalities 
now contain extra dimensional factors. The form of ■F'(t) remains as in D = 4 GR 
and with F(t) > 0 one can easily construct higher dimensional geometries with the 
throat radii related to the maximum of [E'(<)]“^ through similar inequalities. 

However, in EGB theory , the WEC inequalities are much more complicated. 
After some amount of algebra one obtains the following set of relations: 


p > 0 (T> - 2) [w, + + ^Pe(D - 2) [^Y^Pe + 2i\^e] > 0 (6.45) 


P + T > 0 =r' (iVe + Me)(D — 2) [1 + 2Q:Pe] > 0 


(6.46) 


p + p>0 {D-2)M, + N, + iD-3)P,-\-a[AM,K 

+ 2(D - 4)M,P, + 2{D - 6)P^ + 6iVePeJ > 0 

where Mg , Ng and Pg are given as 


(6.47) 




Q ~ n 




Pg = 




'ay b'r-b 

oJ 


'ay 


(6.48) 

(6.49) 

(6.50) 
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It is quite difficult to make any general statement about the violation/ non- 
violation of the WEC from the above inequalities. However, for a > 0 one notices 
the fact that the requirement F(t) > 0 is still necessary. This is clearly scon from 
the second WEC inequality, wherein the factor + Mg is essentially the same as 
in D = 4 GR. For a < 0, the possibility of avoiding the F{t) > 0 constraint exists. 
What can one say about the other two inequalities ? One simple conclusion is the 
following.If Me > 0,Ne > 0 then all three inequalities are satisfied. Contrasting this 
with the case of ordinary GR (where Ne + Me >0 was sufficient) we find that, 
here, we end up with an extra pair of constraints apart from the usual one. This 
may or may not affect the conclusions in comparison with identical situations in 
GR. For example it can be very easily checked that with f2(t) = expiot there is no 
difference whereas in the case of Q(t) = r the conclusions change. We shall not 
analyse evolving wormholes in EGB theory any further. 


6.3.2 The Case of Compact Extra Dimensions 


IT is well known from the work of Roman [75] arrd fronr the analysis prcs<uit<xl irr 
Chapter 4 that with an inflationary scale factor one cannot avoid the violation of 
the WEC even for a finite interval of time . This is indeed somewhat depressing, 
because if one believes in the existence of wormholes, then one possible way in 
which they can appear on macroscopic scales is by growing very large during tln^ 
mflatronary epoch. We now demonstrate through an example that with compact 
extra dimensions (52) an inflationary wormhole (-.an exist for a finitri interval of tinu' 
with matter satisfying the WEC. 

The assumption for the metric is : 


ds dt + a^{t) + al{t) + sin^ xd^^) '' ) H 


where ai{t) and a 2 (t) are the scale factors for the wormhole amd the 


compact 
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extra dimensions respectively. We assume 


a,(i) = e"‘. «,(() = (<o - K’-) = h, ((6.52) 

Instead of writing down the Einstein equation in all its glory, we straightaway 
move on to the WEC inequalities. /9,r,pi,p2, P3 and p4 are the six non-zero diagonal 
components of the energy momentum tensor. We have essentially four inequalities 

as Pi = P 2 and ps = P4 by symmetry. 


1 — 3a; 




> 0 


p + r > 0 =; 

p + Pi > 0 


boe 


—2ujt 


-f- 


(to — *) L 


-UJ + 


1 


6oe 


— 2ujt 


■ + 


2^3 


-w + 


2(to - i)J 
1 


2 2 — 3a; 

p + P 3 > 0 —3a; H — ^ : V 


2(<o - 1) 
1 


> 0 


> 0 


> 0 


(6.53) 

(6.54) 

(6.55) 

The quantity reminiscent of the F{t) is the second term in the second and third 
inequalities. If this term is positive (which is possible if t > i ) then the third 
inequality is satisfied and the second one yields a bound on the allowed domain of 
6o. The first inequality is satisfied for all a; < | while the fourth one gives another 
lower bound on i : 


t>U- 


^(2 - 3a;)^ + 24a^+ (2 - 3a;) 


12.= 

Of the two lower bounds on t one has to choose the more stringent one. For 
instance if a; = | then the first bound gives t> to — 1-5 and the second one implies 
t>to — 2.2 .Thus , if we assume t >to — 1.5 the other inequality is automatically 
satisfied. The wormhole can exist for the interval io - 1-5 < f < to with matter 
satisfying the W^EC. The bound on the throat radius is. 

=.-^"*(*0 - if 


bo ^ max 


2ut-to-l/2u}\ 


(6.58) 


no 


Thus we have indicated through the above example that an inflationary worm- 
hole with compact extra dimensions can exist for a finite interval of time with matter 
satisfying the WEC. 


6.4 Conclusions and Remarks 


In conclusion, it is important to figure out the distinguishing featiirca of wonuhoh'S 
in EGB theory as compared to the ones in GR. First we deal with the static case. 

For p>0, p-fr <0 and a > 0, an EGB wormhole exists in fl.ve-dimeu.sions 
only in the case in which the throat radius is constrained to have a minimum 
value dependent on a. There exist solutions which have a minimum throat radius 
depending on D only (the logarithmic solution). Solutions with 6o independcuit of 
D or a are also there as well; i>o here can be arbitrary but finite. On th<' other 
hand, for p>0, p-fT<0 and a < 0 with 1 -|- laQ > 0, the solutions are foiTod to 
have a throat radius which is bounded below by a quantity dependent on D and fv. 
Finally, ifp-fr>0, p>0, o:<0 and 1 + 2aQ < 0, all solutions are defined only 
upto a certain value of r = r,. Beyond r = r„ normal matter cannot exist and a 
possible way out, as suggested earlier, is the type of solutions with normal matter 
for to < r < Tc — e and vacuum for r > r^ — e. 

It has been shown in EGB theory as well as in £>-dimcnsionnl GIl (D > 5) one 

can limit exotic matter with p > 0 to an arbitrarily small region. This was not 
possible in four-dimensional GR. 


The status of WEC in EGB theory, however, 


remains almost the same bb it was 


in GR. For a > 0, it is violated; for o < 0 it may or may not be violated at the 

throat depending on whether (1 -(- 2aQ) is greater or less than zero. Even if WEC 

IS not violated at the throat, one cannot construct EGB wormholes with matter 
normal everywhere. 
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It would be interesting to explore the possibility of constructing an EGB worm- 
hole with WEC satisfied everywhere. This implies investigating the solution with 
normal matter confined to the throat and vacuum elsewhere. We do not know 
whether the matching of the two different types of solutions would be possible at 
all. 

For evolving wormholes our discussion has been brief. The constraints (WEC) 
for EGB theory are pretty complicated and general statements are not too easily 
obtained. We have illustrated some special cases which provide insights into the 
differences between the conclusions of GR and those for EGB theory. With compact 
dimensions, the fact that the inflationary wormlaole can exist for a finite time interval 
has been proved. Consequences for other choices of scale factors have not been 
discussed but are certainly not very difficult to obtain. 


Appendix I 

Modified Mathieu and Radial 
Oblate Spheroidal Functions 


I.l Modified Mathieu Functions 


Several authors have discussed Mathieu and Modified Mathieu functions in great 
detail [86, 87, 84, 85]. In this appendix we collect some of the material relevant for our 
purpose. 


The original equation whidi Mathieu had studied while investigating the oscil- 
lations on an elliptical lake is: 


<Py 

~ -k (a - 2qcos2z)y = 0 


( 1 . 1 ) 


Replacing 2 ; by iz we arrive at the Modified Mathieu equation 


<Py 

— [a — 2q cosh 2z)y = 0 


( 1 . 2 ) 


We shall not go any further into discussing the solutions of LI. Rather we shtdl 
concentrate on the solutions of 1.2. It is worthwhile to mention that I.l and 1.2 
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appeal when the Helmholtz equation (V^ + k^) is separated in elliptic-cylindrical 
coordinates. 

Solutions to 1.2 are dependent on the values of a and q (or b and 5 ). In fact, the 
b — s plot shown in Fig.I.l demonstrates this fact clearly. The solid lines (marked 
ao,ai,bi etc.) on this plot are known as the characteristic lines. Values of (a,q) 
lying on these lines yield solutions to Al.l known as Mathieu functions of integral 
order. These are the functions McjJi+i, for a values lying on 

the Ojn, ci 2 n+i) ^* 271 ) l’ 2 n+i cuTves respectively. These functions can be represented by 
infinite series in various ways. The most common of these representations are the 
‘cosh’ or ‘sinh’ series, the Bessel functions series and the one in terms of products 
of Bessel functions. The first one of these representations is given below. 


MeW - 

MC2„ — . . .. 


ce2„(7r/2,g)(ce2„(o, q) ^ 


Y^Aliiq) cosh2fc^ 




m4'„> = 




seLio, q)Se 2 n{Tr/ 2 , q) fz 


smh2kz 




(1.3) 

(1.4) 
( 1 . 6 ) 
( 1 . 6 ) 


where ce( 2 ;, q) and se(z, q) are the basically periodic solutions of the Mathieu equa- 
tion. The form the ‘basically periodic solutions of 

the Mathieu equation. Mc 2 n Als^n or any such pair caimot coexist for the 
same values of (a, q). Thus we require a second solution to the Modified Mathieu 
equation. These second solutions are the corresponding to and 

respectively. The are even and odd solutions respectively. A 

theorem duo to luce [8G] say.s that the and ai-e functions which art' 

neither even nor odd. The Bessel function series representations are given below. 
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Figure I I: The b-s plot for the characteristic lines. Here B = and ^ T„ 

relation to a ,q we have a = An n 2 rp, . , ^ - w o^.in 
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The series involving the ' J' Bessel functions are valid for all z. On the other hand, 
the series involving the Neumann (T Bessel function) functions arc valid for z > 0. 
We shall discuss later in this appendix how to analytically continue the or 

for z < 0. 

OO 

Meg = [ce 2 n(o, q)]-^ X:(-l)''+"A^;)( 5 ) 4 fc)( 2 v^coshz) (1.7) 

^=0 

OO 

Msg = [■se 2 n(o, ?)]“’* tanhz J 3 (-l)^^" 2 fcB 2 fc(g)^^l^( 2 ygcosh 2 r) ( 1 . 8 ) 

k=i 

The formulas for a 2 n+i and 62 n+i are exactly identical with 2 n — + 2n + 1 and 
2k 2k l-^ 2 p denotes a ‘ J' Bessel function for j = 1 and oY Bessel ftuiction of 
7=2. 

We now move on to the analysis for z < 0. This is based on sec 20.6.18 of [80]. 
Consider two combinations 

Xi = Mcl^\z, q) + Mcp^(- 2 :, q) (1.9) 

^2 = M3i^\z, q) - q) (I.io) 

Xi is even and therefore proportional to Mc^^\z,q). X 2 is odd and proportional 
to Ms^\z,q). The proportionality factors are evaluated by using the vedues of the 
functions at z = 0. It turns out that 


Mcf\-z, q) = -Mcf\z, q) - 2/e,,Mcp)(z, q) (I.ll) 

M3i^\-z, q) = M3 ^^\z, q) - 2gc,rM3^^\z, q) ( 1 . 12 ) 

where 


/.,. = -McW(o,g)/McW(o,5) 


(1.13) 
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i 


,1 




'] 

V 


ffe,r “ 




(1.14) 


[dz iz=0 

The asympbofcic forms for the function '> have b(r.n dis 


cussed earlier and therefore are not repeated here. 

Apait from the integral order solutions the Mathi(ui eqtiation as well as tlu> Mod- 
ified Mathicu equation has solution of real fractional order. The regions Ixtwcdi 
a,' and in the plot correspond to the region of stability. Within those regions 
and away from the characteristic lines we have these fractional order solutions. The 
functions Ce^n+p and Se 2 n+p are not basically periodic and can coexist for tlw' same 


value of a 2 n+/?- 


1.2 The Radial Oblate Spheroidal Functions 

If we separate the Helmholtz equation in oblate spheroidal coordinates (see Pg 752- 
753 of [80]) the radial equation has the form given in Eq. 5. 21-22. However, we a.re 
concerned with only the m = 0 case i.e. the functions Von- Once again as in the 
Mathieu case we have a set of solutions whiclr are even or odd according to whellicU’ 
n is even or odd. These arc known as the first solutions and wc' denote to them liy 
The second solutions are neither even nor odd and corresiiond to a second set 
Vj-^K Both and Vj-^^ exist for the values of Xgn which lie on the characteristic 
lines shown in Fig 12. The analytical continuation to values of 2 < 0 ba.sod on the 
same analysis as for the ca.se of Modified Mathicu functions. [Unfortunately wo are 
not aware of the existence of tables for the joining factors in this case. Therefore 
we have to remain satisfied with the analytical exprcs,sious only.] 

It is useful to make the correspondence between the and the and the 
McPl, Ms^^\ clearer for n even is the analog of 1/P) for n 

odd is similar to (n even) and (n odd) correspond to and 
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respectively. The series representations for the (i = 1,2) are given in 
[81] and [83] .Leitner and Spence [81] have discussed the oblate spheroidal wave 
functions in great detail. The reader interested in spheroidal wave functions in 
general is referred to [83,82,84,85]. 




Appendix II 


The Numerical Method 


In this appendix we briefly outline the numerical method used in evaluating the 
reflection and transmission coefflcients. 

The differential equation we have to solve in order to obtain the reflection and 
transmission coefficients is of the usual Schroedinger type .This is given as 

^ - V(!)) = 0 . (II.l) 

where V^(/) has the generic form of a potential barrier situated at / = 0 and 
asymptotically (/ — > ioo) falling off to zero. The asymptotic boundary conditions 
are : 

^(0 = for 1 -oo (II.2) 

for / — »■ oo (11-3) 

In other words, we have an plane wave incident from the left(-ve values of 1) 
part of which gets reflected and the remaining part transmitted to the right (+ve 
1 region). In the above are complex quantities, without any loss of generality 

we can assume //? = 1 . 
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We now convert, this problem into two separate problems by defining ’5 U+tV, 
where U,V are real functions of I and satisfy the dilfereutial equation iiuU'pen- 
dently.From Eqn II.3 we obtain the asymptotic conditions for ?7,F.These are 


U = 1 ,C/' = 0 

(II.4) 

II 

o 

11 

(II.5) 


at I = 100 X ^ 

Given these initial values we lunncrically solve the differential equation with the 
relevant potential and obtain n function values for U and V over one period of 
oscillation of the I — > —oo solution.n is taken to be very laigc(iii our computations 
it is 10000). The amplitude of t at each n value is therefore given as 

A(i) = (11.6) 

where i varies from 1 to n + 1 . 

We notice that A{t) undergoes an oscillation with maximum and minimum val- 
ues given as 


= I[1 - \a\] (II.8) 

Thus the reflection amnd transmission coefficients turn out to be 


\T\^ = \f3\^ = 


A —A 

"^max -^min 


1 2 


+ An 


^max I 

A A A 
^^max-^min 


(II.9) 

(11.10) 


\^max 4 “ ^ mini 

The differential equations were solved using standard NAG Library routines 


available at the Computer Centre, IIT Kanpur. Scanning the values of A(j) over 
one period gives A^nax and A^in and hence R and T. 
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Figure 11. 1; Comparison between numerical and analytical results;(l)|T'|*for n = 
2,m = 4 {2)\T\ for n = 2, m = 5;the encircled/crossed points denote the analytical 
values. 

Fortunately for us we have a way of checking the correctness of our numerical 
method.The analytically obtained values for R in Table 1 Chapter 5 can be com- 
pared with the numerical results obtained with the method outlined here.Fig II. 1 
shows the comparison for a few cases .The continuous curves are the numerical 
results and the encircled jioints are the analytical values. 
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ERRATA 


Line/Eqn./Fig.no 

The Correction 

12 

‘distance’ is misspelt 


2 16 18 ‘Eq. 2.1.1’ should be replaced by ‘Eq. 2.1’ 

2 18 Eq 2.9 z(r) = bocosh~^(-^) is the correct Eqn. 

2 20 Eq 2.13 The ^ factor in ^ should be ^ 

2 24 18 ‘attempts ’is misspelt 

2 24 24 (i) should be replaced by 2.1 


3 

Eq (5) should be replaced by Eqn.3.10 

4 

(curves (1)...) should read as (curves (3)...) 

8 

(curve (2)) should read as (curve (3)) 

17 

(curve (3)) should read as (curve (1)) 

26 

‘caniKJt’ should be replaced by 'can' 

27 

‘at any cost’ should be deleted 



86 

Tab. 5.1 

\T\^ = .5373 for m=2. = 4.25 


86 

Tab. 5.1 

\Tf = .0020 for m=5, .s„ = 16.75 

) 

86 

3 

\R\ should be replaced by |r|^ 

i 

87 

8 

5.58 should read as 5.55 


6 

104 

2 

T > p should read as — r > p 

6 

109 

Eq. 6.58 

6n > max ■ is the correct Eqn. 

I 

113 

6 

‘Al.l l.Mathieu’ should read ‘1.2 ..Modified Matliieu’ 

I 

113 

18 

’Mathieu’ should be replaced by ‘Modified Mathieu’ 

I 

114 

Fig I.l 

‘B’ shoxild be replaced by "b’ 

II 

119 

Eq.II.l 

~ F (0)4' = 0 is the correct Eqn. 

II 

119 

13 

‘i,o;,/9’ should be replaced by‘I,a,^' 

II 

120 

3 

‘Eq.II.3 ’should be replaced by ‘Eqs 11.2,11.3’ 
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